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Abstract 
 

Differential and integral as well as Partial integro-differential equations (PIDE) occur naturally in various 
fields of science, engineering and social sciences. In this article, the Ramadan group integral transform of 
the convolution is used to solve such types of equations. We propose a most general form of a linear 
PIDE with a convolution kernel. First, the PIDE is converted to an ordinary differential equation (ODE) 
using Ramadan group transform (RGT). Solving this ordinary differential equation and applying inverse 
RGT an exact solution of the problem is obtained. Illustrative examples are considered to demonstrate the 
applicability and the effectiveness of the proposed RG transform of convolution for solving integral and 
integro- differential equations. It is observed that the RGT is a simple, more general and reliable 
technique for solving such equations. 
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Ramadan Group transform. 
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1 Introduction 
 
Real life phenomena are often modeled by ordinary and partial differential equations. Due to the local nature 
of ordinary differential operator (ODO), the models containing merely ODOs do not help in modeling 
memory and hereditary properties. One of the best remedies to overcome this drawback is the introduction of 
integral term in the model. The ordinary and partial differential equation along with the weighted integral of 
an unknown function gives rise to an integro-differential equation (IDE) or a partial integro-differential 
equation (PIDE) respectively. Analysis of such equations can be found in [1-4]. 
 
One of the most known methods to solve partial differential equations is the Ramadan Group transform 
(RGT) method [5-7] which is considered to be the generalisation of the known integral transforms as 
Laplace transform method [8,9] and Sumudu transform method [10]. This generalised integral transform is 
applied successfully for solving ordinary and partial differential equations easily, see for example Hadhoud, 
and Mesrega [11]. In fact, there are also some similar recent valuable new integral transforms, as ZZ integral 
transform and Abooha integral transform which are available in literature and applied for solving different 
forms of partial differential equations. The interested reader is referred, for example [12-15]. The sumudu 
integral transform is applied in variety of differential and integral equations as well as fractional ordinary 
differential equations, see for example [16]. The Natural transform decomposition method (NTDM) which 
has been constructed by combining Natural transform method (NTM) and Adomian decomposition method 
(ADM) has been proposed. This algorithm has been applied to obtain the approximate solutions for the 
modified Camassa-Holm equation (mCHE) and modified Degasperis-Procesi equation (mDPE), see [17]. 
 

2 Ramadan Group Transform and the Convolution Theorem 
 
2.1 Ramadan Group Transformation (RGT) [5,6] 
 
A new integral Ramadan Group transform (RGT) defined for functions of exponential order, was 
proclaimed. We consider functions in the set A, defined by: 
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The RG transform is defined by  
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This transform, which is a generalisation of Laplace and Sumudu transforms, is introduced by Ramadan et 
al. [6,18] and accidentally and unpredictably, it was also introduced by  Khan and  Khan under the name of 
N-Transform [19].   

Consider 



0

)()]([)( dttfetfLsF st
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)()( dtutfeuG t
are the Laplace and Sumudu integral 

transforms respectively, then we can write the following theorems 
 
Theorem 2.1.1 [6] 
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Theorem 2.1.2 [6] 
 

Suppose ),( usK is the Ramadan Group transform of the function )(tf  then we 

  
can prove the following 
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In fact, familiarity with the convolution operation is necessary for the understanding of many other topics 
that feature in this text such as the solution of partial differential equations (PDEs) and other topics that are 
outside it such as the use of Green's functions for forming the general solution of various types of boundary 
value problem (BVP). 
 
In mathematics and especially, in functional analysis the convolution [20-22] is a mathematical operator of 

two functions f and g .  In the next section we will present a brief profile of convolution. 

 
Definition 2.1.3 Convolution of two functions 
 
 The convolution of piecewise continuous functions, RR:)t(g,)t(f   is the function 

RR:gf  and is defined by the integral  

 

 
t

0

d)t(g)(fgf 
. 

 

2.2 Algebraic properties of convolution  
 
For every piecewise continuous functions, )t(f , )t(g and )t(h  the following hold 

 

1- Commutativity: fggf  . 

2- Associatively: h)gf()hg(f   . 

3- Distributive: )hf()gf()hg(f  .  

4- Associatively with scalar multiplication: g)fa()gf(a  . 

5- Complex conjugation: gfgf  . 

 
The above properties of convolutions are easy to be verified, for example see the proof of first property of 
[11]. 
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2.3 Convolution theorem of Ramadan Group Transform [21] 
 
Theorem 2.3.1 Let )t(f  and )t(g  be two functions with Ramadan group transforms of )u,s(K1 and 

)u,s(K2 , respectively. Then 

 

                       ,)u,s(K)u,s(uK)]u,s)(gf[(RG 21  

and 

                   .gf)]u,s(K)u,s(uK[RG 21
1   

 
For proof of the theorem, see [21]. 
 

2.4 Application of RGT of the Convolution Theorem for Differential Equations 

 
In this subsection some differential equations are solved to illustrate the use of convolution theorem with 
Ramadan group transform 
 
Example 2.1 
 
Consider the first order of differential equation 
 

t3cosy3y   ,                                                                                                                          (2.1) 
 

with initial conditions 
 

0)0(y  .                                                                                                                                      (2.2) 
 

Taking Ramadan Group transform of equation (2.1) with respect to t  
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which reduced to 
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which can be further written as 
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u3s

1
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s
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22 
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                                                                                          (2.5) 
 
where equation (2.5) gives the form of the convolution theorem of Ramadan Group transform  
 
Taking the inverse of RG transform of equation (2.5), we have 
 

)t3cos(e)t(y t3   .                                                                                                                 (2.6) 
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The convolution is  
 

 
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33)(33 )3cos()cos()3cos()( .                                         (2.7) 

 

Integrating by parts of equation (2.7), yield 
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Substituting in equation (2.7) about the integral (2.9) 
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Then   
 

t3e
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6

1
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Example 2.2 
 
Consider the second order differential equation  
 

,t)t(y)t(y 
                                                                                                                      (2.12) 

 
with initial condition  
 

1)0( y
,

.0)0(y 
                                                                                                                (2.13) 

  

Taking Ramadan Group transform of equation (2.12) with respect to t  
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which reduced to 
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which can be further written as 
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In the second term of the right hand side of equation (2.16), we note that, this term is the form of 
convolution theorem of Ramadan Group transform. 
 

Setting 
21

s

u
)u,s(K    and 

222
us

u
)u,s(K


  in equation (2.16) and taking inverse Ramadan Group 

transform, we have 
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))tsin(t()tcos()t(y  .                                                                                                    (2.18) 

 
The convolution is 
 

.d)sin()t()tsin(t
t

0
   .                                                                                               (2.19) 

 
Integrating by parts of equation (2.19), we have 
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t
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Substituting from equation (2.20) into equation (2.18), we find 
  

.t)tsin()tcos()t(y                                                                                                         (2.21)  

 
Example 2.3 
 
Consider the second order of differential equation 
 

)0t(,tsiny9y6)t(y 
                                                                                         (2.22) 

 
with initial condition 
 

.0)0(y,0)0(y                                                                                                              (2.23) 

 
Taking Ramadan Group transform of equation (2.22) with respect to t  
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which can be further written as 
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Equation (2.26) gives the form of the convolution theorem of Ramadan Group transform 
 

Taking the inverse of RG transform of equation (2.26), we have 
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t
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This integral yield to integration by parts several times. The result follows from application of the formula: 
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Thus the exact solution is 
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3 Application of RGT of the Convolution Theorem for Differential Equations 

 
In this section some integral equations are solved to illustrate the use of convolution theorem with Ramadan 
group transform 
 

Example 3.1 
 

Consider the following integral equation 
 

 
t

0

d)(y)tcos(2t)t(y  .                                                                                                (3.1) 

 

We note that the second term of equation (3.1) gives the convolution of two functions tcos  and )t(y  
 

))t(y)t(cos(2t)t(y  .                                                                                                        (3.2) 
 

Taking Ramadan Group transform of equation (3.2) with respect to t and using the convolution theorem, we 
have 
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u
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Equation (3.5) can be written in the form  
 

)]
)us(

u
()
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u
(u[
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222 
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Taking the inverse of RG transform of equation (3.6), we have 
  

)tet(te)t(y tt  .                                                                                                                   (3.7) 

 
The convolution of equation (3.7) is 
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Integrating by parts of equation (3.7), we have 
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Substituting from equation (3.9) into equation (3.7), we have 
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                                                                       (3.10)  

 
Example 3.2 
 
Consider the following integral equation  
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t

0
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                                                                                               (3.11) 
 

We note that the second term of equation (3.11) gives the convolution of two functions )t(y  and )tsin(  

 
.)]tsin()t(y[1)t(y                                                                                                        (3.12) 

 

Taking Ramadan Group transform of equation (3.12) with respect to t and using the convolution theorem, 
we have 
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Taking the inverse of RG transform of equation (3.14), we have 
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Example 3.3 
 
Consider the following integral differential equation 
 

,dcos)t(yt)t(y
t

0

 
                                                                                                 (3.16) 

 
with initial condition 
 

.0)0(y                                                                                                                                     (3.17) 
 

We note that the second term of equation (3.16) gives the convolution of two functions )t(y  and tcos  

 

.))tcos()t(y(t)t(y 
                                                                                                      (3.18) 

 

Taking Ramadan Group transform of equation (3.18) with respect to t and using the convolution theorem, 
we have 
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Taking the inverse of RG transform of equation (3.21), we have 
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t
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4 Application of RGT of the Convolution Theorem for Partial-Integro Differential 
Equations 

 
In this section some partial -integro differential equations are solved to illustrate the use of Convolution 
theorem with Ramadan group transform 
 
Example 4.1 
 
Consider the following partial integro differential equation [23] 
 

,d),x(y)tsin(tsinxyxy
t

0
ttx   

                                                                              (4.1) 
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with initial condition 
 

0)0,x(y    ,  
,x)0,x(yt 
                                                                                                        (4.2) 

 
and boundary conditions 
 

.t)t,1(y                                                                                                                                      (4.3) 
 
We note that the third term of the right hand side of equation (4.1) gives the convolution of two functions 

tsin  and ),( txy  
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                                                                                         (4.4) 

 

Taking Ramadan Group transform of equation (4.4) with respect to t and using the convolution theorem, we 
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The equation (4.6) be linear differential equation in the form 
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To solve this equation (4.6) first, we find 
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Second, 
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Then the solution of equation (4.6) is  
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u
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2
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                                                                                                                     (4.11) 
 

where c  is a constant to be determined from (4.3). 
 

Since )]t,x(y[RG)t,x(y  ,then 
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from (4.12) into (4.11), we get 
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s

u
)s,x(y

2


                                                                                                                           (4.13) 
 

Taking the inverse of RG transform of equation (4.13), we get the exact solution as 
 

.xt)t,x(y                                                                                                                                  (4.14) 
 

Example 4.2 
 

Consider the following partial integro differential equation [23] 
 

,e2d),x(y)t(2)t,x(y)t,x(y
t

0

x
xtt   

                                                                   (4.15) 
 
with initial condition 
 

,e)0,x(y x   
,0)0,x(yt 
                                                                                                       (4.16) 

and boundary condition 
 

.tcos)t,0(y                                                                                                                                 (4.17) 
 
We note that the second term of the right hand side of equation (4.15) gives the convolution of two functions 
t  and )t,x(y  

 

.e2))t,x(yt(2yy x
xtt                                                                                                   (4.18) 
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Taking Ramadan group transform of equation (4.18) with respect to t and using the convolution theorem, we 
have 
 

,e
s

2
))]t,x(y)(

s

u
(u[2

dx

yd

u

)0,x(uy)0,x(syys x
22

t
2




                                            (4.19) 
 
which can be written in the form 
 

,e)
u

s

s

2
(y)

u

s

s

u2
(

dx

yd x
22

2

2

2


                                                                                         (4.20) 

 
or 
 

.e)
su

su2
(y)

u

s

s

u2
(

dx

yd x

2

22

2

2

2

2 


                                                                                      (4.21) 
 
To solve the equation (4.21) first, we find 
 

,ee)y(
x)

u

s

s

u2
(dx)

u

s

s

u2
(

2

2

2

2

2

2

2

2





                                                                                      (4.22) 
 

Second, 
 

.ee)
su

su2
(]e.)s,x(y[

dx

d x
x)

su

su2
(

2

22x)
su

su2
(

22

44

22

44 



                                                      (4.23) 

 

By integrating of equation (4.23), we get 
 

,dxe)
su

su2
(e).s,x(y

x)1
su

su2
(

2

22)
su

su2
(

22

44

22

44









                                                               (4.24) 
 

,ce)

)1
su

su2
(

1
)(

su

su2
[(

e

1
)s,x(y

x)1
su

su2
(

22

442

22

)
su

su2
(

22

44

22

44













                             (4.25) 

.ece
)su)(su2(

)su2(s
)s,x(y

x)
su

su2
(

x
2222

22
22

44 








                                                            (4.26) 
 

Then the solution of equation (4.21) is 
 

,ece
)us(

s
)t,x(y

x)
us

u2s
(

x
22

22

44 






                                                                                  (4.27) 
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where c  is a constant to be determined from the boundary condition (4.17). 
 

c
us

s
]t[cosRG

22





. 
 

Then 0c and equation (4.27) is 
 

.e
)us(

s
)t,x(y x

22 


                                                                                                             (4.28) 
 

Taking the inverse of RG transform of equation (4.28), we get the exact solution as 
 

.tcose)t,x(y x
                                                                                                                       (4.29)     

 

Example 4.3 
 

Consider the following partial integro differential equation [23] 
 

,2e)1x(d),x(yeyyy
t

0

t2t
xxt    

                                                                   (4.30) 
 

with initial conditions 
 

2x)0,x(y 
,

1)0,x(yt 
,                                                                                                         (4.31) 

 

and boundary conditions 
 

t)t,0(y     , .0)t,0(yx                                                                                                           (4.32) 
 

We note that the integral term of equation (4.30) gives the convolution of two functions 
te  and )t,x(y  

 

.2e)1x())t,x(ye(yyy t2t
xxt 

                                                                       (4.33) 
 

Taking Ramadan Group transform of equation (4.33) with respect to t and using the convolution theorem, 
we have 
 

.
s

2

us

1x
y)

us

1
(uy

dx

yd

u

)0,x(yys 2

2

2












                                                              (4.34) 
Equation (4.34) can be written in the form 
 

.
s

2

us

1
)

)us(u

s
(xy

)us(u

s

dx

yd 2
2

2

2











                                                                 (4.35) 

 
Similar to the case of examples 4.1 and 4.2, one can prove that the solution of equation (4.35) 

is .tx)t,x(y 2   

 
This is an exact solution of (4.30). 
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5 Conclusions 
 
In this paper, Ramadan group integral transform of the convolution theorem is successfully applied to solve 
general linear differential, integral and partial integro –differential equations. The exact solutions are 
obtained after a few steps of calculations. The proposed method is a generalisation of any integral transform 
of convolution theorem available methods for this type of considered. The strong point of this article is in the 
high applicability to engineering problems. 
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