Asian
Research Journal of
Mathematics

Asian Research Journal of Mathematics

11(3): 1-15, 2018; Article no.ARJOM.45489
ISSN: 2456-477X

Solution of Partial and Integro-Differential Equations Using the
Convolution of Ramadan Group Transform

Mohamed A. Ramadan'" and Asmaa K. Mesrega1
'Department of Mathematics, Faculty of Science, Menoufia University, Shebin El-Kom, Egypt.

Authors’ contributions

This work was carried out in collaboration between both authors. Both authors read and approved the final
manuscript.

Article Information

DOI: 10.9734/ARJOM/2018/45489

Editor(s):

(1) Dr. Hari Mohan Srivastava, Professor, Department of Mathematics and Statistics, University of Victoria,
Canada.

Reviewers:

(1) Rahmatullah Ibrahim Nuruddeen, Federal University Dutse, Nigeria.

(2) Haci Mehmet Baskonus, Munzur University, Turkey.

Complete Peer review History: http:/www.sciencedomain.org/review-history/27392

Received: 10 September 2018
Accepted: 18 November 2018
Published: 24 November 2018

| Original Research Article

Abstract

Differential and integral as well as Partial integro-differential equations (PIDE) occur naturally in various
fields of science, engineering and social sciences. In this article, the Ramadan group integral transform of
the convolution is used to solve such types of equations. We propose a most general form of a linear
PIDE with a convolution kernel. First, the PIDE is converted to an ordinary differential equation (ODE)
using Ramadan group transform (RGT). Solving this ordinary differential equation and applying inverse
RGT an exact solution of the problem is obtained. Illustrative examples are considered to demonstrate the
applicability and the effectiveness of the proposed RG transform of convolution for solving integral and
integro- differential equations. It is observed that the RGT is a simple, more general and reliable
technique for solving such equations.
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1 Introduction

Real life phenomena are often modeled by ordinary and partial differential equations. Due to the local nature
of ordinary differential operator (ODO), the models containing merely ODOs do not help in modeling
memory and hereditary properties. One of the best remedies to overcome this drawback is the introduction of
integral term in the model. The ordinary and partial differential equation along with the weighted integral of
an unknown function gives rise to an integro-differential equation (IDE) or a partial integro-differential
equation (PIDE) respectively. Analysis of such equations can be found in [1-4].

One of the most known methods to solve partial differential equations is the Ramadan Group transform
(RGT) method [5-7] which is considered to be the generalisation of the known integral transforms as
Laplace transform method [8,9] and Sumudu transform method [10]. This generalised integral transform is
applied successfully for solving ordinary and partial differential equations easily, see for example Hadhoud,
and Mesrega [11]. In fact, there are also some similar recent valuable new integral transforms, as ZZ integral
transform and Abooha integral transform which are available in literature and applied for solving different
forms of partial differential equations. The interested reader is referred, for example [12-15]. The sumudu
integral transform is applied in variety of differential and integral equations as well as fractional ordinary
differential equations, see for example [16]. The Natural transform decomposition method (NTDM) which
has been constructed by combining Natural transform method (NTM) and Adomian decomposition method
(ADM) has been proposed. This algorithm has been applied to obtain the approximate solutions for the
modified Camassa-Holm equation (mCHE) and modified Degasperis-Procesi equation (mDPE), see [17].

2 Ramadan Group Transform and the Convolution Theorem

2.1 Ramadan Group Transformation (RGT) [5,6]

A new integral Ramadan Group transform (RGT) defined for functions of exponential order, was
proclaimed. We consider functions in the set A, defined by:

I

A={ (1) :3M t,,t, = 05t f (1)< Me™ if t e (~1)" x [0,50)}
The RG transform is defined by

Ojoe“”f(ut)dt —t,<u<0,

K(s,u)=RG[ f(1);(s,u)] =10
[e™* f(ut )dt O0<u<t,.
0

This transform, which is a generalisation of Laplace and Sumudu transforms, is introduced by Ramadan et
al. [6,18] and accidentally and unpredictably, it was also introduced by Khan and Khan under the name of
N-Transform [19].

Consider F'(s)=L[f(¢)]= ‘[e_‘”f(t)dt , G(u) = Ie_tf(ut)dt are the Laplace and Sumudu integral
0 0
transforms respectively, then we can write the following theorems

Theorem 2.1.1 [6]

I
K(s.d)=F(s) K(Lu)=G(u) , S =3FS)

and
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Theorem 2.1.2 [6]

Suppose K (s, u)is the Ramadan Group transform of the function 1@ then we

can prove the following

R0 SRGLI(] = (0)

>

RG(L(0))_ STROLI(D] =5/(0) ~uf,(0)
dt u ,
and in general
R4 L(1), _s"RGLI(I] s (0)
dt u k=0 u

In fact, familiarity with the convolution operation is necessary for the understanding of many other topics
that feature in this text such as the solution of partial differential equations (PDEs) and other topics that are
outside it such as the use of Green's functions for forming the general solution of various types of boundary
value problem (BVP).

In mathematics and especially, in functional analysis the convolution [20-22] is a mathematical operator of
two functions f and g . Inthe next section we will present a brief profile of convolution.

Definition 2.1.3 Convolution of two functions

The convolution of piecewise continuous functions, f(¢),g(¢t):R— R is the function
f *g:R— R and is defined by the integral

freg= J F(0)g(t—7)dz

2.2 Algebraic properties of convolution
For every piecewise continuous functions, f(¢), g(t)and h(t) the following hold

1- Commutativity: f*g=g* f .

2- Associatively: f*(gxh)=(f*g)*h .

3- Distributive: f *(g+h)=(f*g)+(f*h).

4- Associatively with scalar multiplication: a( f * g )=(a f)*g.

5- Complex conjugation: f * g = 7 * § .

The above properties of convolutions are easy to be verified, for example see the proof of first property of

[11].
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2.3 Convolution theorem of Ramadan Group Transform [21]

Theorem 2.3.1 Let f(¢) and g(t) be two functions with Ramadan group transforms of K;(s,u)and
K,(s,u), respectively. Then

RG[(f*g)(su)] =uk;(s,u)Ks(s.u),

and
RG_][uK](s,u)KZ(s,u)]=f*g.
For proof of the theorem, see [21].

2.4 Application of RGT of the Convolution Theorem for Differential Equations

In this subsection some differential equations are solved to illustrate the use of convolution theorem with
Ramadan group transform

Example 2.1
Consider the first order of differential equation

y'+3y=cos3t, 2.1
with initial conditions

¥(0)=0. 2.2)

Taking Ramadan Group transform of equation (2.1) with respect to t

SRG[y]—y(0 u
[y]-( )+3RG[y]= LI 2.3)
u s°+9u
which reduced to
N u
—RG[y]+3RG[y]l=—F— , 2.4
u s°+9u
which can be further written as
s 1
RG[y] =u(——— ,
ST+ 9u” s+3u (2.5)
where equation (2.5) gives the form of the convolution theorem of Ramadan Group transform
Taking the inverse of RG transform of equation (2.5), we have
y(t)= e x cos(3t). (2.6)
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The convolution is

(1) = e *cos(3t) = Ie'“"” cos(r)dr = e'3’fe3’ cos(3r)dr - 27

0 0

Integrating by parts of equation (2.7), yield

£ 3 1 3 I 13

fe Tcos(3z’)dz':§e tcos(3t)—§+je sin(3r)dr, (2.8)
0 0

3 [ 3t

fe cos(.?r)drzg[e cos(3t)+e’ sin(3t)-1] . (2.9)
0

Substituting in equation (2.7) about the integral (2.9)

y(t)=e' [ie“ cos(3t)+ L sin(3t)— 1 ] . (2.10)
6 6 6
Then
1 . I 3
y(t)=g[cos(3t)+sm(3t)]—ge . (2.11)
Example 2.2

Consider the second order differential equation

Y'(t)+y(t)=t , (2.12)
with initial condition

y(O0)=1y'(0)=0. 2.13)
Taking Ramadan Group transform of equation (2.12) with respect to t

s’RG[y] —sp(0)-uy'(0)

u
A +RG[y] =25
u s (2.14)
which reduced to
2
s u
S RG[y]+RG[y] =% .
u s (2.15)
which can be further written as
3
S u
RG[y] = .
s?+u? sz(s2+u2) (2.16)
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In the second term of the right hand side of equation (2.16), we note that, this term is the form of
convolution theorem of Ramadan Group transform.

Setting Kl(s,u)=lz and K,(s,u)= PR
s s°+u

transform, we have

in equation (2.16) and taking inverse Ramadan Group

V(1) =K [ ]+ K~ [uk (s,u)K (s,u)]
§otu (2.17)

y(t)=cos(t)+(t*sin(t)) (2.18)

The convolution is
t
t*xsin(t)=[(t—1)sin(t)dr .. (2.19)
0
Integrating by parts of equation (2.19), we have

}(t —7)sin(t)dr = [—(t —r)cos(r)]f) —}cos(r)dr =t—sin(t).. (2.20)
0 0

Substituting from equation (2.20) into equation (2.18), we find

y(t)=cos(t)—sin(t)+t. (2.21)
Example 2.3
Consider the second order of differential equation

V'(t)+6y +9y=sint ,(t=20)

(2.22)

with initial condition

y(0)=0, y'(0)=0. (2.23)
Taking Ramadan Group transform of equation (2.22) with respect to ¢

2 _ ! _
S"RG[y] Sg(O) wy'(0) +6(sRG[y] y(0))+9RG[y] -t (2.24)
u u ST t+u

which reduced to

s? 6s

—RG[y]+—RG[y]+9RG[y] =——,

u u ST +u (2.25)

which can be further written as
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3
u u u
RG[y] = =u( . (2.26)
(s”+u? )(s+3u)y T wut (s+3u)’
Equation (2.26) gives the form of the convolution theorem of Ramadan Group transform
Taking the inverse of RG transform of equation (2.26), we have
t
y(t)=te 3 xsin(t)=[re 3 sin(t—1)dr. (2.27)

0

This integral yield to integration by parts several times. The result follows from application of the formula:

t — ]t t
[z sin(t—r):]—(fje_3t cos(t—z’)dr+]ife_3r sin(t—r)errite_jt )
0

0 0 (2.28)
Thus the exact solution is

o3

50

3 2
y(t)= (5t+3)—%cos(t)+2—5s1n(t).

(2.29)

3 Application of RGT of the Convolution Theorem for Differential Equations

In this section some integral equations are solved to illustrate the use of convolution theorem with Ramadan
group transform

Example 3.1

Consider the following integral equation

y(t)=t+2fcos(t—z')y(r)dr. 3.1
0

We note that the second term of equation (3.1) gives the convolution of two functions  cost and y(t)
y(t)=t+2(cos(t)*y(t)). (3.2)

Taking Ramadan Group transform of equation (3.2) with respect to Land using the convolution theorem, we
have

RG[y(1):(su)] =K[y] =S% +2uK; [cos(1)] K [ y(1)] . (3.3)
Assuming that RG/ y(t );(s,u)] =Y(s,u), so equation (3.3) is

Y(s.u) =5+ 2u(———)(Y(s.u)) , (3.4)
N ST t+u
u M3

(s—u)2 +S2(s—u)2 '

Y(su)= (3.5
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Equation (3.5) can be written in the form

Y(su)=——+ [u(s%)(L)] . (3.6)

u
(s-u) (s=u)’
Taking the inverse of RG transform of equation (3.6), we have
y(t)=te' +(t*te'). (3.7)

The convolution of equation (3.7) is

t t t
txte' =[(t—1)re"dr=t[re"dr — [°e"dr. (3.8)
0 0 0

Integrating by parts of equation (3.7), we have

txte’ =—te' +1+2te' —2e' +2.

3.9
Substituting from equation (3.9) into equation (3.7), we have
Y(t)=2te' —=2e' +t+2=2e'(t—1)+1t+2. (3.10)
Example 3.2
Consider the following integral equation
t
y(t)=1+[y(t)sin(t—7)dr.
0 3.11)

We note that the second term of equation (3.11) gives the convolution of two functions y(?) and sin(t)
V(t)=1+[y(t)*sin(1)] . 612)

Taking Ramadan Group transform of equation (3.12) with respect to Land using the convolution theorem,
we have

1

u

RG[y] == +u(RG[y()])(——5-),

5 s*+u”) (3.13)

2 2 2
RG[y] =" =i+”—3.
s s s (3.14)
Taking the inverse of RG transform of equation (3.14), we have

t2
y(t)=1+—.

2! (3.15)
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Example 3.3

Consider the following integral differential equation

y,(f)=t+iy(t—z')cosrdr,
’ (3.16)

with initial condition
¥(0)=0. (3.17)
We note that the second term of equation (3.16) gives the convolution of two functions y(¢) and cost
Yi(t)=t+(y(t)*cos(t)). (3.18)

Taking Ramadan Group transform of equation (3.18) with respect to Land using the convolution theorem,
we have

RO ZID) Yy (RGN ——) |
N N

u tu (3.19)
which is reduced to
K us u
RG[y](——ﬁ)=_2~
u (s°+u”) s (3.20)
which can be further written as
2 4
u u
s s (3.21)

Taking the inverse of RG transform of equation (3.21), we have
2 f4

t
y(x,t)=—+—.
2! 4! (3.22)

4 Application of RGT of the Convolution Theorem for Partial-Integro Differential
Equations

In this section some partial -integro differential equations are solved to illustrate the use of Convolution
theorem with Ramadan group transform

Example 4.1
Consider the following partial integro differential equation [23]

t
Xy, =Y, +xsint+[sin(t—7)y(x,7)dr,
0 4.1)
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with initial condition

y(x,0)=0 ’ yi(x0)=x, (42)
and boundary conditions

y(1t)=t. (43)

We note that the third term of the right hand side of equation (4.1) gives the convolution of two functions
Sint gnq V(1)

Xy, =Y, +xsint+(sint*y(x,t)). (4.4)

Taking Ramadan Group transform of equation (4.4) with respect to Land using the convolution theorem, we
have

& Sy —sp(x.0)—uy'(x,0 u u _
ay_s"y—sy( 2) y'( )er(2 Jru(—— )7,
dx u s°+u s°+u (4.5)

X

where RGL¥(x.0)] =7,

which the equation (4.5) can be further written as

dy 1 s? u’ —s’
dx x 1,t_2-'-s2+u2 zu(s2+u2).
(4.6)
The equation (4.6) be linear differential equation in the form
dy —
Lt P(x)y=0(x).
dx
To solve this equation (4.6) first, we find
= P(x)d.
u(y)=e "o
2 2 2 2 2
j_i(Lf' 2u 7 (5 2u 2 e _(Lz+ 2u 7/inx
,u()—/)_e X ut st +4u —e U sTHu Y —e u° sT+u , @7
2 2
— _(ST+ 2u 7/
My)=x 1o (4.8)

Second,

%[f(x,S)-ﬂ(i)] = 1(7).0(x),

10
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2 2 2 2
7(%+ zu 2/ —s? (3% - 2/
u® sTHuc — u® s 4u
y(x,8)x X dx
) > )
u(s+u)
2 2 2
5 2u 2/ —s’ _(Sz+ 2u
}_/(X,S)X u” s 4u — 5 5 x u° sTHu
-8 u
u(s’ +ul )(—5 =55 +1)
u s +u

Then the solution of equation (4.6) is

—_ u
y(x,s)=—Fx+c,
s

where € is a constant to be determined from (4.3).

Since y(x,t)=RG[y(x,t)] ,then
u u
RGL (1) = RG{1] =24 =2+

from (4.12) into (4.11), we get

- u
y(x,5)=—Fx.
s

Taking the inverse of RG transform of equation (4.13), we get the exact solution as
y(x,t)=xt.

Example 4.2

Consider the following partial integro differential equation [23]
t
Vu(%,0)=y(x,0)+2[(t=7)y(x,7)dT = 2€,
0

with initial condition

V(x0)=e", y,(x0)=0,
and boundary condition

y(0,t)=cost.

4.9

(4.10)

@.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

We note that the second term of the right hand side of equation (4.15) gives the convolution of two functions

t and y(x,t)

Vi =Y+ 2(txy(x,t))-2e".

(4.18)

11
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Taking Ramadan group transform of equation (4.18) with respect to Land using the convolution theorem, we
have

S°F = y(x0) —uy, (x0) _ dy

u 2
/ 2 )(F(x1)] = e,
u x s s (4.19)
which can be written in the form
dy u s _ 2 s
d_+(_2__2)y :(___Z)ex,
s S u (4.20)
or
&y 2ut st 2ut -5t
(= (e
X s u su 4.21)
To solve the equation (4.21) first, we find
2 2 2 2
e
/'l(y) =e ° " =e “ , (4.22)
Second,
2u?—s? 2u?—s?
Lryxs)e 0 J=(FE e v e,
dx su (4.23)
By integrating of equation (4.23), we get
4_ 4 4_ 4
(2u2 zs ) ot - (2u2 zs +)x
y(x,s)e " =(—2)je uvs dx,
Su (4.24)
2u? st
_ 1 2u? — 57 1 5
yxs)=——F—F(——FN—F——F—)e “° +c,
(s su 2u” —s
uls? (T + 1)
us (4.25)
2ut —s?
B 2?2 —( )x
(2u” —s" )(u”+s”) (4.26)
Then the solution of equation (4.21) is
454
_ s - 223 )
y(X,f)=ﬁex+Ce su ,
(s”+u”)
(4.27)

12
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where € is a constant to be determined from the boundary condition (4.17).

RG/[cost] =

+c
7 +u’

Then € = 0 and equation (4.27) is

S X

)7(x,t)=me .

Taking the inverse of RG transform of equation (4.28), we get the exact solution as

y(x,t)=e" cost.

Example 4.3

Consider the following partial integro differential equation [23]
¢
Y=y A Y+l y(x)dr=(x* +1)e' -2,
0
with initial conditions
Wx0)=x" y(x0)=1

and boundary conditions

W0.)=t  y,(0,1)=0,

(4.28)

(4.29)

(4.30)

4.31)

(4.32)

We note that the integral term of equation (4.30) gives the convolution of two functions e’ and y(x,t)

Yy _yxx+y+(et *J’(x;f))=(x2 +])et - 2.

(4.33)

Taking Ramadan Group transform of equation (4.33) with respect to #and using the convolution theorem,

we have
s—y(x0) d’y _ 1 _ xX*+1 2
——5+y+u(—)y= -
u dx S—u s—u s
Equation (4.34) can be written in the form
ﬁ_ s? 5= —x? s 1 +£
dx’ u(s-u) u(s-u)  s—u

(4.34)

(4.35)

Similar to the case of examples 4.1 and 4.2, one can prove that the solution of equation (4.35)

isy(x,t)=x2+t.

This is an exact solution of (4.30).

13
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5 Conclusions

In this paper, Ramadan group integral transform of the convolution theorem is successfully applied to solve
general linear differential, integral and partial integro —differential equations. The exact solutions are
obtained after a few steps of calculations. The proposed method is a generalisation of any integral transform
of convolution theorem available methods for this type of considered. The strong point of this article is in the
high applicability to engineering problems.
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