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Abstract

In this study, we employed the principle of Relative Mode Transfer Method (RMTM) to
establish a model for a single pendulum subjected to sudden changes in its length. An
experimental platform for image processing was constructed to accurately track the position
of a moving ball, enabling experimental verification of the pendulum’s motion under specific
operating conditions. The experimental data demonstrated excellent agreement with simu-
lated numerical results, validating the effectiveness of the proposed methodology. Further-
more, we performed simulations of a double obstacle pendulum system, investigating the
effects of different parameters, including obstacle pin positions, quantities, and initial
release angles, on the pendulum’s motion through numerical simulations. This research pro-
vides novel insights into addressing the challenges associated with abrupt and continuous
changes in pendulum length.

Introduction

The pendulum model is a classical paradigm in physics, holding notable theoretical and practi-
cal importance [1-3]. The pendulum kind of oscillations with variable length is among the
classical problems of mechanics. In engineering, various critical domains rely on mathematical
models to elucidate the oscillatory behavior of pendulums with variable lengths. For example,
the swing of the lifting system when cranes hoist cargo [4-6], seismic isolation systems for
bridge foundations [7], and the control of horizontal vibration in high-rise buildings [8]. A
pendulum with periodically changing length is also considered as a simple model of a child’s
swing. Belyakov [9] investigated the dynamical behavior of this model, deriving asymptotic
expressions for the boundaries of unstable domains. He employed numerical methods to study
the chaotic motion of a pendulum influenced by variations in the problem parameters. Seyra-
nian [10] investigated the intricate (chaotic) behavior of a pendulum with length varying
according to harmonic law. Wright [11] considered two forced dissipative pendulum systems,

PLOS ONE | https://doi.org/10.1371/journal.pone.0299399  April 12, 2024

1/17


https://orcid.org/0000-0001-5920-2019
https://doi.org/10.1371/journal.pone.0299399
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0299399&domain=pdf&date_stamp=2024-04-12
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0299399&domain=pdf&date_stamp=2024-04-12
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0299399&domain=pdf&date_stamp=2024-04-12
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0299399&domain=pdf&date_stamp=2024-04-12
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0299399&domain=pdf&date_stamp=2024-04-12
http://crossmark.crossref.org/dialog/?doi=10.1371/journal.pone.0299399&domain=pdf&date_stamp=2024-04-12
https://doi.org/10.1371/journal.pone.0299399
https://doi.org/10.1371/journal.pone.0299399
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

PLOS ONE

Study on the variable length simple pendulum oscillation based on the relative mode transfer method

Henan Province, Grant No. 21A130003 Dr.
Hongtao Wei, Songshan Laboratory Project, Grant
No0.221100211000-01 Dr. Hongtao Wei, and
National Natural Science Foundation of China,
Grant No. 12202400 Dr. Wei Wang.

Competing interests: The authors have declared
that no competing interests exist.

the pendulum with vertically oscillating support and the pendulum with periodically varying
length, with a view to draw comparisons between their behaviour. Anderle [12] investigated
the vibrational damping issue of a periodically length-changing pendulum and employed Lya-
punov based adaptive estimation of the viscous friction at the string pivot to improve the con-
troller performance.

Some investigations have engaged in both analytical solution and numerical simulation of
nonlinear single pendulum dynamics. Pinsky [13] qualitatively analyzed periodically driven
pendulum systems and demonstrated the existence of two periodic solutions. Through rigor-
ous qualitative investigations into the equation governing the oscillations of a periodically
length-changing pendulum, Zevin [14] obtained results that hold true for variations in pendu-
lum length under most circumstances. Johannessen [15] introduced a method exclusively
employing elementary functions to approximate the solution of the differential equation
describing the motion of a large-angle initial velocity pendulum. Yang [16] employed a homo-
topy analysis method to explore approximate solutions. Fernandez-Guasti [17] provided an
exact solution for a pendulum with uniformly changing length. Big-Alabo [18] derived an
approximate periodic solution for the non-harmonic or non-sinusoidal response of a pendu-
lum during moderate to large amplitude oscillations. They utilized an enhanced continuous
piecewise linearization technique to deduce an approximate solution of the pendulum,
enabling highly accurate determination of oscillations across the entire potential amplitude
range. Wang [19] adopted the method of numerical analysis to establish a simulation analysis
model to analyze the motion pattern of the pendulum when the relative speed and direction of
the pendulum and the damper are different and the damping force of the pendulum is differ-
ent. Rahayu [20] utilized the Mathematica software to numerically simulate the motion of a
nonlinear pendulum driven by damping, investigating the chaotic behavior of the system. Clif-
ford [21] tackled the dynamic issue of a parametric pendulum exposed to harmonic excitation
on a rotating track. They carried out an inquiry utilizing both analytical and numerical analysis
approaches to examine the dynamic responses across diverse parameters and initial
conditions.

In summary, the previous studies on the oscillations of variable-length pendulums predom-
inantly focused on models with periodically changing pendulum lengths. Further investigation
is needed for pendulum vibration systems with more significant nonlinearities, particularly
those involving abrupt changes in pendulum length.

This study establishes a model for a pendulum system with abrupt changes in pendulum
length using the principle of the relative mode transfer method (RMTM). It designs simula-
tions and experimental validations to demonstrate the accuracy of the approach. Computa-
tional examples are presented for a double-stopper pendulum system with varying parameters,
yielding time-domain responses, frequency spectrum analyses, and phase-space diagrams. The
RMTM is a novel approach derived from the classical Mode Transfer Method (MTM) tech-
niques, emphasizing the concept of "relative." Specifically, during a mode transition, the previ-
ous mode "state" is recorded, and the post-transition "state" is treated as an iterative motion
relative to the preceding state [22]. Building on this idea [23], it not only facilitates the study of
complex structural impact vibration but also addresses vibration problems with changing
boundary conditions that cannot be modeled using external forces. Examples include the
vibration of a cantilever beam with changing length and a pendulum with varying rope length.
Both of these systems fall under the category of variable boundary condition problems, yet
they cannot be simplified using the principle of force integration to convert changing bound-
ary conditions into external forces in the system equations. Consequently, they can only be
addressed using the RMTM. This article presents novel perspectives for the study of analogous
nonlinear problems.
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Model of oscillations in a variable-length pendulum

The equation of motion for a damped pendulum system with large angular displacement is
given Eq (1)

0(t) + 20&0(t) + w*sinf(t) = 0 (1)

Eq (1) is a nonlinear differential equation, typically not easily solved directly. In practical
situations, people may employ numerical methods (such as Euler’s method, Runge-Kutta
method, etc.) to simulate the behavior of a damped pendulum vibration described by this
equation. Where 6(t) represents the angular displacement of the pendulum, & representing the
damping coefficient, g = 9.8m/s” indicating the acceleration due to gravity, and I representing
the length of the pendulum.

Fig 1 shows schematic illustration of a single pendulum with two stops, where the angular
displacement is delineated along the vertical axis, with the positive direction on the right and
the negative direction on the left. At time f, the pendulum is released from a specific initial
angle with an initial velocity of 0. Its angular displacement is represented by 6(t). When the
time is #;, the line of the pendulum is obstructed, and its angular displacement is expressed as:

0(t) = 0(t,) + (1) (2)

Fig 1. Variable-length pendulum oscillation model.
https://doi.org/10.1371/journal.pone.0299399.g001
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When reaching the time t,, the pendulum is influenced by the second stop, resulting in an
angular displacement of

H(t) = g(tl) + 91(t2) + 92(t) (3)

When contact happens at the stop, by applying the concept of the RMTM, the initial values of
angular displacement for each condition are set to be zero: 0(t,*) = 0 0(t,") = 0. The formula

for angular velocity transformation during collision is 0 = I10. I, 0 represents the length and
angular displacement of the pendulum when there is no obstruction. I, 0 represents the length
and angular displacement of the pendulum when obstructed. When obstructed, the angular
displacement is measured from the obstruction point, with the left side considered positive
and the right side considered negative. 0 represents the derivative with respect to time. Substi-
tuting Eq (3) into Eq(1), the oscillation equation for the single pendulum subjected to resis-
tance is derived as

0(t) + 20E0(t) + @°sin[0(t,) + 0,(t,) + 0,(£)] = 0 (4)

In this equation, @ represents the natural frequency of the pendulum after encountering
the stop, ® = /% At t,, the pendulum returns to its initial rest length, which is not affected by
the stop, until the velocity becomes zero near the release point. By extending the problem to a
system with an arbitrary number of stops, for an arbitrary time t;, where ¢; denotes the
moments of changes in system boundary conditions, the angular displacement of the pendu-
lum system can be written as:

0(t) = 0(t) + ) 0(1) (5)

By substituting Eq (5) into Eq (1), one can get:
i—1

0(t) + 20,60 (t) + wsin[0(t) + > 0(t)] =0 (6)

=1

During the collision, setting the initial angular displacements of each condition to zero, the
transfer of angular velocity is given by

0() (7)

In the above equation, J; represents the pendulum length during the time interval #,~¢;, for
the given condition. Eq (6) provides the differential equation for a damped large-angle pendu-
lum with any number of stops. This equation lacks a strict analytical solution and can be
numerically solved using the 4th-order Runge-Kutta method. Based on the RMTM, each con-
dition is viewed as an individual motion state. At each transition point, the displacement and
velocity values of the current moment are recorded. In the subsequent condition, the initial
displacement is set to zero while the initial velocity is set to the final velocity of the previous
condition. The ball continues to move according to the new system equation. Within this
framework, the transition cycle continues. Each transition only alters the form of the system
equation and passes parameters to the new equation.

PLOS ONE | https://doi.org/10.1371/journal.pone.0299399  April 12, 2024 4/17


https://doi.org/10.1371/journal.pone.0299399

PLOS ONE

Study on the variable length simple pendulum oscillation based on the relative mode transfer method

Numerical simulation and experimental comparison

In this chapter, MATLAB software is employed for the numerical simulation of the model.
High-speed cameras are used to capture images of a single pendulum model, a single pendu-
lum model with a single obstruction, and a double-obstructed single pendulum model. Motion
parameters are obtained through image capture. The application of the concept of relative
mode transformation to the reliability and applicability of the pendulum length mutation sys-
tem is validated. This, in turn, provides a basis and methodology for the modeling and applica-
tion of nonlinear pendulum systems.

Experimental model. The self-built experimental platform is shown in Fig 2 below. A
coordinate board is fixed in the vertical plane. A blue metallic pendulum ball is used, and a sig-
nal-starting retroreflector is positioned to the right of the background board. A high-speed
camera is placed approximately 0.3m in front of the pendulum, and its height is adjusted using
a tripod. During the experimental process, a high-speed camera (CCD) is utilized to capture
images of the pendulum system with obstruction, with a capture frame rate of 31 frames per
second. To ensure the accuracy of the experimental results and minimize the impact of errors,
a laser light source is initially used to illuminate the starting position. When the pendulum is
set in motion, the laser reflection mirror reflects the signal, triggering the high-speed camera
to start capturing. Fig 2 shows the high-speed imaging system for the obstructed pendulum.

Fig 2. High-speed camera system for pendulum with obstruction.

https://doi.org/10.1371/journal.pone.0299399.9002
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Image processing of the captured photos from the camera mainly focuses on the detection
and feedback of the pendulum’s position coordinates in the images.

1. The images are subjected to simple processing, including grayscale conversion and median
blur operations, to enhance detection accuracy. Converting BGR images to grayscale
reduces the impact of noise in image processing.

2. The Canny edge detection algorithm is applied to perform edge detection on the images. Its
primary purpose is to extract useful structural information and significantly reduce the
amount of data to be processed, providing a small and precise data processing set for subse-
quent Hough circle detection.

3. The Hough circle detection algorithm is employed to record the feedback of the circular
center positions of the balls in the images. Both algorithms can be implemented using built-
in functions in OpenCV. After determining the pixel coordinates of the pendulum ball’s
center using the aforementioned methods, the world coordinates of the ball’s center can be
obtained through the transformation matrix M. Finally, a simple conversion yields the
angle 0 between the ball and the vertical direction.

This paper involves the development of a program to automatically process photos captured
by a high-speed camera. The photos are recognized as pixel coordinates and then transformed
into world coordinates and angles. In multiple sets of pixel coordinate recognition photos,
four images of a pendulum without obstruction are selected, as shown in Fig 3, illustrating the
process of undamped pendulum movement from the starting point to the maximum displace-
ment on the left. The experiment records the motion of the pendulum through multiple cycles.
The pixel coordinates of a double-obstructed pendulum, shown in Fig 4 from (a) to (d), depict
the process of touching both obstructions, touching one obstruction, and not touching any
obstruction, demonstrating the motion of the double-obstructed pendulum.

Experimental conditions. Three sets of experiments were conducted: Condition One,
with no obstruction, the pendulum was released from the initial angle of 30° without any initial
velocity; Condition Two, with one obstruction, the obstructed position is as shown in Table 1.
When the pendulum string touches the obstruction, the pendulum length undergoes a sudden
mutation, oscillating between obstructed and unobstructed states. Condition Three, with an
additional second obstruction, positioned as indicated in the table. All other conditions
remained constant. Repeat the test multiple times for each group of working conditions to
ensure the accuracy of the experiment. The picture of simple pendulum angular displacement
and time in working condition 1 is shown in S1 Fig. The picture of the angular displacement
and time of the pendulum with an obstruction in the second operating condition is shown in
S2 Fig. The picture of the angular displacement and time of the simple pendulum with an
obstruction in the third operating condition is shown in S3 Fig.

Comparison of results. Experimental and simulation studies were conducted for the sce-
narios of a pendulum without obstruction, with one obstruction, and with two obstructions,
denoted as Condition One, Condition Two, and Condition Three, respectively. The results
were compared, as shown in Figs 5-7. The simulation utilized the fourth-order Runge-Kutta
method to solve the system of differential equations, with a simulation time step of
At = 1x10™*, The blue scattered points in the figures represent experimental data, and the red
curves represent simulation data. In Conditions Two and Three, the blue dashed lines indicate
the angles of the obstructions, and the angle displacement of the pendulum line is significantly
abrupt when the obstruction occurs. The two sets of data closely match, with errors within an
acceptable range. The results indicate that the simulation can accurately predict the motion of
the large-angle damped pendulum and the large-angle damped pendulum with one or two
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Fig 3. Pixel coordinates recognition diagram for large-angle damped pendulum without obstruction.

https://doi.org/10.1371/journal.pone.0299399.9003

obstructions. This demonstrates that the model established through the Relative Mode Trans-
formation Method (RMTM) can accurately solve the motion characteristics of the pendulum
with significant angular displacement and changing pendulum length due to obstruction. The
findings validate the applicability of this method in solving complex nonlinear vibration
problems.

Case study

In order to investigate the influence of nonlinear boundaries on the dynamics of a pendulum,
numerical simulations were conducted to solve for the angular displacement response of the sys-
tem. A simulation time step of At = 1x10~* was employed, spanning a time period of 20 seconds.
A comparison was conducted between scenarios featuring obstacles and those without, consider-
ing various initial release angles for an identical pendulum. Furthermore, the impact of different
obstacle positions on the temporal response of the pendulum was investigated.

Furthermore, the Fast Fourier Transform (FFT) analysis was performed on the motion of
the pendulum to conduct a spectral analysis of its oscillatory behavior. Phase portraits were
generated to analyze the dynamics of the double-pendulum system under various conditions,
considering the different obstacle configurations.
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Table 1. Experimental conditions table.

£l

..............................
............

.......

Fig 4. Pixel coordinates recognition diagram for large-angle damped pendulum with double obstructions.

https://doi.org/10.1371/journal.pone.0299399.9004

Swing and spectral analysis. Under identical conditions, a numerical analysis was per-
formed on both a double-pendulum system with obstacles and a single-pendulum system
without obstacles. The parameters of the pendulum are listed in Table 2. A comparative study
of the swing curves of the pendulum bob is presented in Fig 4A. Additionally, the frequency
domain responses obtained through the FFT analysis are depicted in Fig 4B.

The motion state of the pendulum bob in the double-obstacle configuration is categorized
into three operational conditions: Condition 1, where the pendulum swings without obstruc-
tion and has a length of

I;; Condition 2, where the pendulum length becomes I, following the impact of the first
obstacle; and Condition 3, where the pendulum length changes to /5 after encountering the
second obstacle. The initial angle is set to 34.9633°, and the first obstacle is positioned at a

Initial Position Pivot Position (cm) Pendulum Length (cm)
Condition One: No Obstruction 30° None 40cm
Condition Two: One Obstruction 30° 0° (0, -20) 40cm; 20cm
Condition Three: Two Obstructions 30° 0°(0, -20); -30°(10, -34.641) 40cm;20cm;10cm

https://doi.org/10.1371/journal.pone.0299399.t001
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Angle(rad)

_O 6 1 1 1 1 1
1.5

Time(s)

Fig 5. Comparison between experimental and simulation data for condition pne (pendulum without obstruction).

https://doi.org/10.1371/journal.pone.0299399.g005

distance of 0.16 meters from the origin, while the second obstacle is placed at an angle of -20°
and a distance of 0.0462 meters from the origin. The double-obstacle pendulum system alter-
nates continuously among these three conditions. Another set of experiments involves a single
pendulum with a length of /; and an initial angle of 34.9633°, which remains unobstructed dur-
ing its motion.

From the Fig 8, it is apparent that the time-domain representation of the single pendulum
exhibits a harmonic-like waveform, which gradually diminishes in amplitude over time due to
energy dissipation. In contrast, the double-obstacle pendulum displays a distinct inflection
point in its angular displacement curve at 6(f) = 0, 6(¢) = 20°, indicating a notable impact from

0.6 | T T

0.4

0.2

Angle(rad)

1.5 2 25 3
Time(s)
Fig 6. Comparison between experimental and simulation data for condition two (pendulum with one obstruction).

https://doi.org/10.1371/journal.pone.0299399.g006

PLOS ONE | https://doi.org/10.1371/journal.pone.0299399  April 12, 2024 9/17


https://doi.org/10.1371/journal.pone.0299399.g005
https://doi.org/10.1371/journal.pone.0299399.g006
https://doi.org/10.1371/journal.pone.0299399

PLOS ONE Study on the variable length simple pendulum oscillation based on the relative mode transfer method

-1 L I ! | L
0 0.5 1 1.5 2 25 3

Time(s)
Fig 7. Comparison between experimental and simulation data for condition three (pendulum with two obstructions).

https://doi.org/10.1371/journal.pone.0299399.g007

the obstacles. Specifically, after collisions with the obstacles, there is an increase in the ampli-
tude and frequency of the motion of the single pendulum. This phenomenon is attributed to
the significant alteration induced by the obstacles, resulting in a more pronounced amplitude
and frequency response in the frequency spectrum analysis depicted in Fig 8B. These findings
align with the anticipated outcomes, as the presence of obstacles in the double-pendulum sys-
tem leads to a heightened amplitude and frequency response, thereby generating a richer spec-
trum of harmonic responses.

The investigation focuses on the influence of initial release angles on the dynamics of a dou-
ble-obstacle pendulum system. The pendulum parameters and frequencies are detailed in
Table 1, with obstacles positioned at 20° and 0° from the reference. Comparative simulations
were conducted for initial release angles of 10°, 20°, and 30°, as illustrated in Fig 9.

Observing the results, it becomes evident that as the initial angle increases, the influence of
the two obstacles on the motion of the pendulum becomes more pronounced. When the pen-
dulum makes contact with an obstacle, it undergoes a distinct change in its oscillatory behav-
ior, resulting in variations in the operational conditions of the system. Larger initial angles
result in higher angular velocities and amplitudes when the pendulum encounters the

Table 2. System parameters.

Parameters Values
1,(m) 0.2396
L(m) 0.0796
I3(m) 0.0334

w,(Hz) 6.3954

w,(Hz) 11.0957

w3(Hz) 17.1293
I3 0.01
6, 0.5273

https://doi.org/10.1371/journal.pone.0299399.t1002
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https://doi.org/10.1371/journal.pone.0299399.g008

obstacles. While there exists a minor distinction in frequencies, with slightly larger fundamen-
tal frequencies associated with larger initial angles, the influence of the obstacles on systems
with larger initial angles is more conspicuous.

Fig 10A depicts a scenario in which the pendulum is released at an angle of 30°, while the
positions of the obstacles remain constant. In Fig 10B., the pendulum is released with an initial
angle of 30° and a length of [; = 0.6m I, = 0.3m I; = 0.1m, while the angles and positions of
both obstacles are altered. The purpose of Fig 6 is to investigate the impact of obstacles posi-
tioned at different locations on the oscillatory behavior of the double-obstacle pendulum sys-
tem. As the pendulum interacts with obstacles at various positions, distinct sets of system
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https://doi.org/10.1371/journal.pone.0299399.9009

parameters are generated, resulting in diverse frequencies and amplitudes in the motion of the
system.

Oscillation and phase plane analysis. To further investigate the nonlinearity of the dou-
ble-obstacle pendulum system, an in-depth nonlinear dynamic analysis was conducted on a
double-obstacle single pendulum with constant pendulum length I, = 0.6m, , = 0.3m, I; =
0.15m. The obstacles were situated at positions of 20° and -30°, and the system was explored
under varying initial angles and diverse damping conditions. The simulation encompassed the
generation of time-domain diagrams and phase portraits to capture the oscillatory behavior of
the double-obstacle pendulum system. The simulation duration extended to 20 seconds.
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This analysis sought to examine the intricate interactions between initial conditions, damp-

ing effects, and the given obstacle positions. By systematically varying these parameters and
employing high-fidelity numerical simulations, the study aimed to unravel the nonlinear
dynamics that underlie the complex behavior of the double-obstacle pendulum system. The
resulting time-domain diagrams and phase portraits provide a comprehensive view of the

intricate motion patterns and evolution of the system over time.

Initially, the oscillations of a double obstructed pendulum released with an initial angle of
25° are examined, as depicted in Fig 11A and 11B. When the initial angle is relatively small,
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the pendulum line does not collide with the second obstruction. As damping gradually dissi-
pates energy, the amplitude diminishes. The corresponding phase portrait illustrates an abrupt
change in velocity upon collision with the obstruction, consistent with the formula for velocity
transformation during collisions.

Considering the matter of the initial release angle, and while maintaining constant pendu-
lum length and obstruction positions, the initial angle is increased to 40°, as shown in Fig 11C
and 11D. With a larger initial angle, the pendulum line is now able to contact the second
obstruction. Consequently, this influences the angular velocity, frequency, and amplitude of
the motion of the pendulum.

Subsequently, the impact of damping is examined by reducing the damping coefficient to
zero, as depicted in Fig 11E and 11F. In this scenario, the double obstructed pendulum system
does not experience energy dissipation, leading to unchanged amplitude and frequency.

Fig 11 provide insights into the diverse behaviors of the double obstructed pendulum sys-
tem under these different conditions, shedding light on its nonlinear characteristics.

Considering the initial large angle of 80°, damping values of 0.01, 0.05, and 0.1, and a dou-
ble-obstructed pendulum system, the simulation duration is 20 seconds, and the phase portrait
is shown in Fig 12. In Figs 12D to 12A, as the damping gradually decreases, (d) with a damping

PLOS ONE | https://doi.org/10.1371/journal.pone.0299399  April 12, 2024 14/17


https://doi.org/10.1371/journal.pone.0299399.g011
https://doi.org/10.1371/journal.pone.0299399

PLOS ONE

Study on the variable length simple pendulum oscillation based on the relative mode transfer method

N

o
[
o

1

i
(a) (b)
® 10 210
3 B
z 0 zo0
3 8
5 S
>.10 210
-20! -20 :
3 30 25 20 -15  -10 -5 0 5 210 8 6 4 2 0 2
Angle(rad) Angle(rad)
20 1

(©) (d)

=y
o

Velocity(rad/s)
o

Velocity(rad/s)
N

-10
-4
-2025 2 15 1 0.5 0 0.5 1 145 5 7
e - o - e : : -0.5 0 0.5 1 1.5
Angle(rad) Angle(rad)

Fig 12. Phase diagram analysis of the double obstructed pendulum system with varying damping coefficients: a §=0.01b & =
0.05c&=0.1d&=0.5.

https://doi.org/10.1371/journal.pone.0299399.9012

of 0.5 exhibits significant damping. At an angle of 30°, the pendulum contacts the first obstruc-
tion, causing a sudden change in angular velocity. However, due to excessive damping, it does
not reach the second obstruction, oscillating around the first obstruction until the velocity
decreases to 0. (c) With a damping of 0.1, the pendulum continuously contacts both obstruc-
tions, and the velocity undergoes a sudden change at the obstruction positions. The angular
displacement is always less than 7, and the angular velocity changes its sign twice in each
period. As energy is consumed, it fails to reach the second obstruction, oscillating around the
first obstruction until the angular velocity becomes 0, halting the motion. (b) With a damping
of 0.05, it rotates around the second obstruction twice. In the phase portrait, after passing the
second obstruction at an angular displacement of -30°, the angle increases, and the angular
velocity becomes positive until energy decreases. It then oscillates around the second obstruc-
tion, with the velocity sign changing continuously until it becomes 0, stopping the motion. (a)
With minimal damping and a large initial angle, after touching both obstructions, it continu-
ously rotates around the second obstruction. The angular displacement keeps increasing, and
the velocity remains negative. After rotating five times around the second obstruction, it oscil-
lates around the second obstruction until the velocity becomes 0, stopping the vibration. The
phase portrait indicates that when damping is minimal or absent, and the initial angle is large,
the double-obstructed pendulum system exhibits rotational motion around the obstructions.
These results demonstrate the significant impact of damping on the motion of the double
obstructed pendulum.

Conclusion

A novel approach, based on the principles of the RMTM, is proposed to investigate the motion
of a single pendulum with abrupt changes in both large-angle release and pendulum length.
This approach is applied to formulate a model for the single pendulum with sudden changes
in both large-angle release and pendulum length. Numerical computations and experimental
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measurements yield two sets of data, demonstrating a high degree of concordance between
them. This validates the feasibility of the proposed model.

Employing high-precision numerical simulations, time-domain diagrams, frequency spec-
tra, and phase portraits of a double-obstacle pendulum undergoing variations in pendulum
length are obtained. The study explores the effects of obstacle positions and initial release
angles on the motion pendulum. Notably, obstacles exert a substantial impact on the angular
velocity of the pendulum motion. As the pendulum line contacts an obstacle, the angular
velocity experiences an abrupt change, transitioning the pendulum into a different operational
condition associated with reduced pendulum length. This change in length leads to a signifi-
cant increase in frequency and amplitude. The initial angle has a distinct influence on the
amplitude of the double-obstacle system; larger initial angles result in greater amplitudes.
However, excessively large initial angles can cause the pendulum to rotate around the obsta-
cles, leading to continuous increases in angular displacement. Different obstacle positions
result in varying oscillation amplitudes and frequencies. Higher damping rates lead to more
rapid energy dissipation within the double-obstacle pendulum system.

The novel approach of this paper toward modeling the obstacle-pendulum system, along
with experimental image recognition and numerical simulations, opens a fresh avenue for
exploring nonlinear behaviors in systems of pendulums.

Supporting information
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(TIF)
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(TIF)
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Author Contributions

Conceptualization: Yang Yu, Hongtao Wei.

Data curation: Yang Yu, Xiangli Shi, Shouyu Cai.

Funding acquisition: Wei Wang.

Methodology: Jing Ma.

Software: Jiabin Wu.

Writing - original draft: Yang Yu.

Writing - review & editing: Jing Ma, Zilin Li, Wei Wang, Hongtao Wei, Ronghan Wei.

References

1. Nelson RA, Olsson MG. THE PENDULUM—RICH PHYSICS FROM A SIMPLE SYSTEM. Am J Phys.
1986; 54(2):112-21. https://doi.org/10.1119/1.14703 WOS:A1986AYW8500011.

2. Acta AstronauticaEuropean Journal of Physicsdournal of Vibration and ShockSimbach JC, Priest J.
Another look at a damped physical pendulum. Am J Phys. 2005; 73(11):1079-80. https://doi.org/10.
1119/1.1858488 WOS:000232991200015.

3. Krane KS. The Pendulum: A Case Study in Physics. Physics Today. 2006; 59(7):52-3. https://doi.org/
10.1063/1.2337835

PLOS ONE | https://doi.org/10.1371/journal.pone.0299399  April 12, 2024 16/17


http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0299399.s001
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0299399.s002
http://www.plosone.org/article/fetchSingleRepresentation.action?uri=info:doi/10.1371/journal.pone.0299399.s003
https://doi.org/10.1119/1.14703
https://doi.org/10.1119/1.1858488
https://doi.org/10.1119/1.1858488
https://doi.org/10.1063/1.2337835
https://doi.org/10.1063/1.2337835
https://doi.org/10.1371/journal.pone.0299399

PLOS ONE

Study on the variable length simple pendulum oscillation based on the relative mode transfer method

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

Sorensen KL, Singhose W, Dickerson S. A controller enabling precise positioning and sway reduction in
bridge and gantry cranes. Control Eng Pract. 2007; 15(7):825-37. https://doi.org/10.1016/j.conengprac.
2006.03.005 WOS:000246835300007.

LiuF, Yang J, Wang J, Liu C. Swing Characteristics and Vibration Feature of Tower Cranes under Com-
pound Working Condition. Shock Vib. 2021;2021. https://doi.org/10.1155/2021/8997396
WOS:000788683700006.

Vyhlidal T, Anderle M, Busek J, Niculescu S-I. Time-Delay Algorithms for Damping Oscillations of Sus-
pended Payload by Adjusting the Cable Length. leee-Asme T Mech. 2017; 22(5):2319-29. https:/doi.
org/10.1109/tmech.2017.2736942 WOS:000413042700038.

Wilson P, Law H, editors. Earthquake Ground Motions for Design of the Sixth Street Viaduct. Structures
Congress; 2015 2015 Apr 23-25; Portland, OR2015.

Wang L, ShiW, Zhou Y. Study on self-adjustable variable pendulum tuned mass damper. Struct
DesTall Spec. 2019; 28(1). https://doi.org/10.1002/tal. 1561 WOS:000454109600016.

Belyakov AO, Seyranian AP, Luongo A. Dynamics of the pendulum with periodically varying length.
Physica D. 2009; 238(16):1589-97. https://doi.org/10.1016/j.physd.2009.04.015
WOS:000268621400007.

Seyranian AP, Belyakov AO. Evaluation of the chaotic-dynamics region for a pendulum with varying
length. Dokl Phys. 2015; 60(5):236-9. https://doi.org/10.1134/s1028335815050110
WOS:000355621700011.

Wright JA, Bartuccelli M, Gentile G. Comparisons between the pendulum with varying length and the
pendulum with oscillating support. J Math Anal Appl. 2017; 449(2):1684—707. https://doi.org/10.1016/j.
jmaa.2016.12.076 WOS:000393729500038.

Anderle M, Celikovsky S, Vyhlidal T. Lyapunov Based Adaptive Control for Varying Length Pendulum
with Unknown Viscous Friction. Paulen R, Fikar M, editors 2021. 6 pp.- pp. p.

Pinsky MA, Zevin AA. Oscillations of a pendulum with a periodically varying length and a model of
swing. International Journal of Non-Linear Mechanics. 1999; 34(1):105-9. https://doi.org/10.1016/
s0020-7462(98)00005-5 WOS:000076460200010.

Zevin AA, Filonenko LA. A qualitative investigation of the oscillations of a pendulum with a periodically
varying length and a mathematical model of a swing. Pmm-J Appl Math Mech. 2007; 71(6):892—-904.
https://doi.org/10.1016/j.jappmathmech.2007.12.008 WOS:000255440800008.

Johannessen K. An approximate solution to the equation of motion for large-angle oscillations of the
simple pendulum with initial velocity. Eur J Phys. 2010; 31(3):511-8. https://doi.org/10.1088/0143-
0807/31/3/008 WOS:000277150500008.

Yang T, Fang B, Li S, Huang W. Explicit analytical solution of a pendulum with periodically varying
length. Eur J Phys. 2010; 31(5):1089-96. https://doi.org/10.1088/0143-0807/31/5/011
WOS:000281414000011.

Fernandez-Guasti M. Energy content in linear mechanical systems with arbitrary time dependence.
Phys Lett A. 2018; 382(45):3231-7. https://doi.org/10.1016/j.physleta.2018.09.020
WOS:000447478900001.

Big-Alabo A. Approximate periodic solution for the large-amplitude oscillations of a simple pendulum.
Int J Mech Eng Educ. 2020; 48(4):335-50. https://doi.org/10.1177/0306419019842298
WOS:000753528000003.

Wang J, Xue Q, Li L, Liu B, Huang L, Chen Y. Dynamic analysis of simple pendulum model under vari-
able damping. Alex Eng Journal. 2022; 61(12):10563-75. https://doi.org/10.1016/j.ae}.2022.03.
0641110-0168 WOS:000801988100005.

Rahayu SU, Tamba T, Tarigan K. Investigation of chaos behaviour on damped and driven nonlinear
simple pendulum motion simulated bymathematica. Journal of Physics: Conference Series. 2021;
1811:012014 (9 pp.)- (9 pp.). https://doi.org/10.1088/1742-6596/1811/1/012014

Clifford MJ, Bishop SR. ROTATING PERIODIC-ORBITS OF THE PARAMETRICALLY EXCITED PEN-
DULUM. Phys Lett A. 1995; 201(2-3):191-6. https://doi.org/10.1016/0375-9601(95)00255-2 WOS:
A1995QZ14800017.

Wei H, Li G, Guo P, Zhao J. Effect of Method Type on the Response of Continuum Vibro-Impact. Shock
Vib. 2019;2019. https://doi.org/10.1155/2019/2718502 WOS:000467122800001.

WeiH, SunL, XuW, Zhang Y, Guo P, Wei Z-H. A New FEM Approach for a Continuum Vibro-impact
Response Based on the Mode Transfer Principle. J Vib Eng Technol. 2023; 11(2):461-72. https://doi.
org/10.1007/s42417-022-00588-8 WOS:000833455700001.

PLOS ONE | https://doi.org/10.1371/journal.pone.0299399  April 12, 2024 17/17


https://doi.org/10.1016/j.conengprac.2006.03.005
https://doi.org/10.1016/j.conengprac.2006.03.005
https://doi.org/10.1155/2021/8997396
https://doi.org/10.1109/tmech.2017.2736942
https://doi.org/10.1109/tmech.2017.2736942
https://doi.org/10.1002/tal.1561
https://doi.org/10.1016/j.physd.2009.04.015
https://doi.org/10.1134/s1028335815050110
https://doi.org/10.1016/j.jmaa.2016.12.076
https://doi.org/10.1016/j.jmaa.2016.12.076
https://doi.org/10.1016/s0020-7462%2898%2900005-5
https://doi.org/10.1016/s0020-7462%2898%2900005-5
https://doi.org/10.1016/j.jappmathmech.2007.12.008
https://doi.org/10.1088/0143-0807/31/3/008
https://doi.org/10.1088/0143-0807/31/3/008
https://doi.org/10.1088/0143-0807/31/5/011
https://doi.org/10.1016/j.physleta.2018.09.020
https://doi.org/10.1177/0306419019842298
https://doi.org/10.1016/j.aej.2022.03.0641110%26%23x2013%3B0168
https://doi.org/10.1016/j.aej.2022.03.0641110%26%23x2013%3B0168
https://doi.org/10.1088/1742-6596/1811/1/012014
https://doi.org/10.1016/0375-9601%2895%2900255-2
https://doi.org/10.1155/2019/2718502
https://doi.org/10.1007/s42417-022-00588-8
https://doi.org/10.1007/s42417-022-00588-8
https://doi.org/10.1371/journal.pone.0299399

