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1 Introduction

A hypercomplex system, in mathematical and geometric contexts, denotes a system that extends the principles

of complex numbers. These systems exhibit intriguing algebraic properties and are often explored due to their

applications in physics and engineering. We give brief on the application areas of hypercomplex number systems

in physics and engineering fields as follows.

® In physics

Quantum Mechanics: Hypercomplex numbers find applications in quantum mechanics, where they are
utilized to model certain quantum states and operations. The extended algebraic structure of hypercomplex

systems allows for a more nuanced representation of quantum phenomena.

Relativity: In the context of relativistic physics, hypercomplex numbers can be employed to describe
spacetime transformations and events. Their mathematical properties provide a suitable framework for

addressing relativistic effects in a more comprehensive manner.

Engineering:
Robotics and Control Systems: Hypercomplex numbers can be applied in robotics and control systems to

represent spatial transformations and rotations efficiently. Their use allows for more concise and elegant

formulations of complex robotic movements.

Signal Processing: Hypercomplex systems find applications in signal processing, where they can be
employed to analyze and manipulate multidimensional signals. The extended algebraic structure aids

in handling complex transformations in signal data.

Computer Graphics: In computer graphics and computer-aided design (CAD), hypercomplex numbers
play a role in representing and manipulating three-dimensional objects. Their use contributes to more

sophisticated and accurate modeling.

Unlike complex numbers, hypercomplex systems offer a more intricate framework for describing transformations

and symmetries in higher-dimensional spaces. As Kantor discusses in [1] , hypercomplex number systems are

extensions of real numbers. The principal hypercomplex systems include complex numbers, hyperbolic numbers,

and dual numbers. Complex numbers, characterized by a real part and an imaginary part, form the foundation of

hypercomplex systems. Hyperbolic numbers, which extend the concept of complex numbers, have applications

in various mathematical models. Dual numbers, on the other hand, introduce dual units and find utility in

algebraic structures. Now, let’s present some specific information about these hypercomplex number systems.

® Complex numbers are formed by extending the real number system with the imaginary unit, denoted as

7§ which satisfies the equation 2 = —1. Complex numbers is defined by,

C:{z:aJrib:a,be]R,iZ:fl},

® Hyperbolic (double, split-complex) numbers, [2], Split-complex numbers, also known as hyperbolic numbers,

extend the real number system with a new element j, where j2 = 1. Hyperbolic numbers is defined by,

H={h=a+jb:a,beR,j*>=1,j+#+1}.
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e Dual numbers, [3], extend the real number system by introducing a new element &, where e = 0. Dual
numbers is defined by,
D={d=a+¢eb:a,becR,e®=0,e+#0}.

® Some non-commutative examples of hypercomplex number systems are quaternions, [4]. Quaternions
extend the concept of complex numbers by introducing three imaginary units, generally denoted as i, j
and k. A quaternion has the form as ag + ia1 + jaz + kas, where ao, a1, a2,as € R. In addition that, the
quaternion units ¢, j, and k are satisfy specific multiplication rules. Quaternion numbers is defined by

Hg = {q = ao + a1 + jas + kas : ao, a1, az2,as3 eR,i* =2 =k =ijk= -1},

® The other number systems are octonions and sedenions, see [5], [6]. The algebras C (complex numbers),
Hg (quaternions), O (octonions) and S (sedenions) are real algebras achieved from the real numbers R
by a doubling procedure named the Cayley-Dickson Process that extended beyond the sedenions to form
what are known as the 2"-ions. In the table below, we present papers that have been published in the

literature.

Table 1. Papers that have been published in the literature raleted to 2"-ions

Authors and Title of the paper] Papers|
Biss, D.K., Dugger, D., Isaksen, D.C., Large annihilators in Cayley-Dickson algebras 7]
Hamilton, W.R., Elements of Quaternions 4]
Imaeda, K., Sedenions: algebra and analysis 8]

[

[

[
Moreno, G., The zero divisors of the Cayley-Dickson algebras over the real numbers [9]

[

[

[

Gécen, M., Soykan, Y., Horadam 2-Ions 10]
Soykan,Y., Tribonacci and Tribonacci-Lucas Sedenions 5]
On higher order Fibonacci hyper complex numbers 11]

A dual hyperbolic number is a type of hypercomplex number, specifically a member of the hyperbolic number
system. A dual hyperbolic number is defined by

q = (a0 + ja1) +e(az + jas) = ao + jai1 + caz + €jas
where ao, a1, az2,as3 € R.
Hp, the set of all dual hyperbolic numbers, are generally denoted by
Hp = {ao + ja1 + as + €jas : ao,a1,az2,a3 €R, j° =1,j # +1,6> =0, # 0}.

The {1, j,&,e5} is linear independent and Hp = sp{1, j,,£j} so that {1, j,¢,ej} is a basis of Hp. For more detail,
see [12].

The next properties holds for the base elements {1, j, €, £j} of dual hyperbolic numbers (commutative multiplications):
le = glj=j, e =ce=(je)’ =0, j°=jj=1
ej = Jje, e(ej) =(ej)e=0, jlej) =(ej)j=¢

where ¢ denotes the pure dual unit (¢* = 0,e # 0), j denotes the hyperbolic unit (52 = 1), and €j denotes the
dual hyperbolic unit ((j¢)? = 0).
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We claim that p and ¢ be two dual hyperbolic numbers that ¢ = ao+ja1 +caz+jeas and p = bo+jb1 +eba+ jebs
and then we can write the product of p and ¢ as

qp = aobo + a1b1 + j(aob1 + a1bo) + (aobz + azbo + a1bs + azb1) + je(aobs + a1bz + a2b1 + boas)

and we can write the sum dual hyperbolic numbers p and ¢ as componentwise.

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. Hp is not field since
every dual hyperbolic numbers doesn’t have an inverse. For more detail about dual hyperbolic numbers, see
[12].

Next, we give some proporties about generalized Guglielmo numbers.

A generalized Guglielmo sequence {Wy,}rn>0 = {Wn(Wo, W1, W2)}n>0 is defined by the third-order recurrence
relations
Wn = 3Wn71 - 3Wn72 + an?); WO: W17 W2 ('n 2 3) (11)

with the initial values Wy, Wy, W2 not all being zero. The sequence {W, },>0 can be given to negative subscripts
by defining
Won =3W_(n-1) =3W_(n—2) + W_(n—3)

for n =1,2,3,.... Thus, recurrence (1.1) is true for all integer n.

In the Table 2 we give the first few generalized Guglielmo numbers with positive subscript and negative subscript.

Table 2. A few generalized Guglielmo numbers

n W, W_n

0 Wo Wo

1 Wh 3Wo — 3W1 + W

2 Wo 6Wo — 8W1 + 3Ws
3 Wy — 3W71 + 3Ws 10Wy — 15W1 + 6Ws
4 3Wo — 8W1 + 6Ws 15Wo — 24W1 + 10Wo
5 6Wo — 156W1 + 10Wo 21Wo — 35W4 + 15Ws
6 10Wo — 24W; + 15Ws  28Wy — 48W1 + 21W,

If we take Wy = 0, W7 = 1, W = 3 then {Tn} is the Triangular sequence, if we take Wy = 3, W1 = 3, W = 3 then
{H,} is the triangular-Lucas sequence, if we take Wy = 0, W1 = 2, W, = 6 then {O,} is the oblong sequence and
if we take Wy = 0, W1 = 1, W5 = 5 then {p.} is the pentegonal sequance. In other words, triangular sequence
{T»}n>0, triangular-Lucas sequence {H, }»>0, oblong sequence {O,, }»>0 and pentegonal sequence {p, },>o are
given by the third-order recurrence relations

Thw=3Tn-1—-3Th2+Th-3, To=0"T=1,T=3,
H, =3H,_1 73Hn_2+Hn_3, Hy :3,H1 :3,H2 :3,
On =30p-1 — 30,2+ Oy_3, 0o =0,0; =2,02 =6,

Pn = 3pn71 - 3pn72 +pn737 Po = Oapl = 1ap2 =5.

In addition that the sequences given above can be extended to negative subscripts by defining,

T-n = 3T_(n—1) = 3T_(n_2) + T_(n_3),
Hon = 3H_(n-1) = 3H_(n-2) + H-(n-3),
O-n = 30_(n—1) —30_(n—2) + O_(n_3),
P-n = 3P_(n-1) —3P—(n—2) T P—(n-3),
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for n =1,2,3, ... respectively. As a result, recurrences (1.2)-(1.5) are true for all integer n.

We can enumerate several essential properties of generalized Guglielmo numbers that are required.

® Binet formula of generalized Guglielmo sequence can be calculated using its characteristic equation given

as
=32 +3z—-1=(@—-1)>*=0.

where the roots of above equation are

Using these roots and the recurrence relation of {W,}, we can write the Binet’s formula can be written
as
Wy = A1 + Aon + A3n2 (16)
where A1, A2 and As are given below
A = W, (1.7)
1
Ay = 5(—W2 +4W; — 3Wo),
1
As = i(WQ — 2W1 + W())
Binet’s formula of triangular, triangular-Lucas, oblong and pentagonal sequences can be written as
T, — n(n+ 1) 7
2
H, = 3
O, = n(n+1),

® After then we can write the generating function of generalized Guglielmo numbers and the Cassini identity
for generalized Guglielmo numbers, respectively, as

oo _ _ 2
Z Woa" = Wo + (W1 — 3Wo)x + (VZ2 33W1 + 3Wo)x ' (1.8)
= 1-3z+322 -2

Wsr Wiy — W2 = 7% (A+ Bn+ Cn?) (1.9)

where A, B and C can be written as
A = 2WF +6WE — 6WoWy — 2W 1 W,
B —3W§ — 8WE — W3 + 10Wo Wi — AW Wa + 6W, Wa,
c Wa + AWE + Wi — AWoWi + 2WoWa — AW, Wo.

For more details about generalized Guglielmo numbers, see [13]

Now, we give some information on published papers raleted to hyperbolic and dual hyperbolic numbers in

literature.

e Cockle [14] studied the hyperbolic numbers with complex coefficients.
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® Cheng and Thompson [15] introduced dual numbers with complex coefficients.

® Akar, Yiice and Sahin [12] presented the dual hyperbolic numbers.
Next, we give some information related to dual hyperbolic sequences presented in literature.

e Soykan, Glimiig, Gocen [16] presented dual hyperbolic generalized Pell numbers given by
‘/}n = Vn +jvn+1 + €Vn+2 +j5vn+3

where generalized Pell numbers are given by V,, = 2V,,_1 + V,,_2, Vo = a, Vi = b (n > 2) with the initial values
Vo, Vi not all being zero.

e Cihan, Azak, Glingor, Tosun, [17] studied dual hyperbolic Fibonacci and Lucas numbers given by,

respectively,

DHFn = Fn +an+1 +€Fn+2 +j6Fn+3a
DHL, Ly +jLn+1 + 5Ln+2 + j&Ln+3

where Fibonacci and Lucas numbers, respectively, given by F,, = F,_1 + Fp—2, Fo =0, F1 =1, L, = L1 +
Ln_o, Lo=2,L1=1.

® Soykan, Tagdemir and Okumus [18] studied dual hyperbolic generalized Jacopsthal numbers given by

Jn = Jn +jJn+1 + 5Jn+2 +,j€t]n+3
Where Jn = Jdn—-1 + 2Jn_2, J() = a, Jl = b

® Bréd, Liana, Wioch [19] studied dual hyperbolic generalized balancing numbers as

DHBn = Bn +jBn+1 + 5Bn+2 + jEB'rH—ZS
where B,, = 6B,,—1 — Bn—2, Bo =0, By = 1.

Next section, we present the dual hyperbolic generalized Guglielmo numbers and give some properties of these

numbers.

2 Dual Hyperbolic Generalized Guglielmo Numbers and their
Generating Functions and Binet’s Formulas

In this section, we define dual hyperbolic generalized Guglielmo numbers then using this definition, we present
generating functions and Binet’s formula of dual hyperbolic generalized Guglielmo numbers.
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We now investigate dual hyperbolic generalized Guglielmo numbers over Hp. The nth dual hyperbolic generalized
Guglielmo number is
Wn - Wn +jWn+1 +5Wn+2 +j€Wn+3~ (21)

with the initial values /1/170, /V[71, /Wg. (2.1) can be written to negative subscripts by defining,
Wy =Wen 4 jWerng1 + eWepio + jeWopia (2.2)

so identity (2.1) holds for all integers n.

Now, we define some special cases of dual hyperbolic generalized Guglielmo numbers. The nth dual hyperbolic
triangular numbers, the nth dual hyperbolic triangular-Lucas numbers, the nth dual hyperbolic oblong numbers
and the nth dual hyperbolic pentegonal numbers, respectively, are given as the nth dual hyperbolic triangular
numbers is given fn =Th+ jTnt+1 + €lnt2 + jeTh+3, with the initial values

To = To+jTi + Ty + jeTs,
Ti = Ti+jTs+eTs+ jeTy,
Ty = To+jTs+ Ty + jeTs,

the nth dual hyperbolic triangular-Lucas numbers is given f[n = H,+jHnt1+eHny2+ jeHnys with the initial
values

Hy = H, +jH1 +€Hs + jeHs,
Hi = Hi+jHs+¢eHs+ jeH,
Hy, = Hy+jHs+cHy+ jeHs,

the nth dual hyperbolic oblong numbers is given 6n = On + jOnt1 + €0ny2 + jeOnys with the initial values

Oo = Op+jO1+¢0s + jeOs,
61 = 014+ jO2+e03 + jeOy,
O2 = O3+ jO3+ €04+ jeOs,

the nth dual hyperbolic pentegonal numbers is given p, = pn + jpn+1 + EPn+2 + jePn+s with the initial values

Do = po+jp1+ep2+ jeps,
D1 = p1+jp2+eps+ jepa,
D2 = p2+jps+epas+ jeps.

Note that, for dual hyperbolic triangular numbers (by using W,, = T,,, To =0, T1 = 1, T> = 3) we get

To = j+3c+6je,
T, = 1+ 3j+ 6e+ 10je,
T, = 3465+ 10e + 15je,

for dual hyperbolic triangular-Lucas numbers (by using W,, = H,, Ho = 3, H1 = 3, H2 = 3) we obtain

Hy = 3+3j+3¢+3je,
Hi = 3+43j+3¢c+3je,
Hy = 3+3j+3¢+3je,

43



Yilmaz and Soykan; J. Adv. Math. Com. Sci., vol. 39, no. 4, pp. 37-61, 2024; Article no.JAMCS.11}382

for dual hyperbolic oblong numbers (by using W, = O, Op =0, O1 = 2, O2 = 6) we get

Oo = 2j+6¢e+12je,
O = 2467+ 12 + 207,
Os = 6+ 12§ + 20e + 305,

and for dual hyperbolic pentegonal numbers (by using W, = pn, po =0, p1 = 1, p2 = 5) we obtain

Po = j+5e+12je,
i = 1455+ 12 +227e,
P2 = b5+ 125+ 22¢ + 35j¢,

So, using (2.1), we can write the following identity for non negative integers n,
W =3Wn1 — 3Wn o+ W_s. (2.3)
and the sequence {Wn}nzo can be given as
W =3W_ (1) = 3W_(n_2) + W_(n_3),

for n =1,2,3,... by using (2.2). As a result., recurrence (2.3) holds for all integer n.

In the Table 3, we present the first few dual hyperbolic generalized Guglielmo numbers with positive subscript
and negative subscript.

Table 3. A few dual hyperbolic generalized Guglielmo numbers

n Wn W_,
0 Wo Wo
1 W1 BWO — 3W1 + /WQ
2 WQ 6/1/17() — 8W1 + 3W2
3 Wo—3Wi+3W, 10Wo — 15W, + 6Wa
4 3Wo—8Wi+6Ws  15Wy — 24W, + 10Ws
5 6Wg — 15/‘471 + 10ﬁ/\2 21/W\0 — 35W1 + 15/‘472
6 10Wo — 24W, + 15W,  28W, — 48W); + 21,
Note that

Wo = Wo+jWi+eWs + jeWs,

Wi = Wi+ jWa+eWs+ jeWs,

Wz = Wo+ W3+ eWy+ jeWs.

A few dual hyperbolic triangular numbers, dual hyperbolic triangular-Lucas numbers, dual hyperbolic oblong
numbers and dual hyperbolic pentegonal numbers with positive subscript and negative subscript are given in
the following Table 4, Table 5, Table 6 and Table 7.

Now, we will give some expressions that we will use in the rest of the paper and then we define Binet’s formula
for the dual hyperbolic generalized Guglielmo numbers.

a=1+j+e+je, (2.4)

B =j+ 2e+ 3je,
y = j + 4e + 9je.
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Table 4. Dual hyperbolic triangular numbers

15 + 215 + 28¢ + 36j¢

n T, T,

0 j+ 3+ 6j¢

1 1+ 375+ 6+ 10j5¢e €+ 3je
2 34654 10 + 15je 14 je
3 6+ 105 + 15e + 21j¢ 347
4 10+ 155 + 21e + 28j¢ 6435 +¢
5

10 + 67 + 3¢ + je

Table 5. Dual hyperbolic triangular-Lucas numbers

H,

H_,

3437 + 3¢ + 3j¢
3435 + 3¢ + 3j¢
3+ 35 + 3¢ + 3je
3437 + 3e + 3j¢
3435 + 3¢ + 3j¢
3+ 3j + 3¢ + 3je

Uk W R O3

3435 + 3¢ + 3j¢
3+ 35 + 3¢ + 3j¢
3437 + 3¢ + 3j¢
3435+ 3¢ + 3j¢
3+ 35 + 3¢ + 3j¢

Table 6. Dual hyperbolic oblong numbers

30 + 425 + 56¢ + 72j¢

n On O_n

0 2j + 6¢ + 12je

1 2465 + 12 + 20je 2e + 6j¢
2 64125 4 20e 4 30j¢ 2+ 2¢j

3 124205 + 30e + 42j¢ 6+ 25

4 20+ 305 + 42¢ + 565¢ 124+ 65 + 2¢
5

20 + 125 + 6¢ + 2j¢

Table 7. Dual hyperbolic pentegonal numbers

=

22 + 355 + 51e + 70j¢e
35 4 515 + 70e + 92je

26 + 155 + 7e + 2je
40 + 265 + 15¢ + Tje

n Dn P—n

0 7+ 5e+12j5¢

1 1455 + 12 + 22j¢ 2+ ¢+ 5je
2 5+ 1275 + 22¢ + 35j¢ 7425 + je
3 124225 4 35¢ + blje 15+ 75+ 2¢
4

5

Note that using above equalities we can write the following identities:

~2

a® = 2425+ 4e+4je,
B? = 1+ 6¢c+4dje,

7% = 1418+ 8je,

aB = 1+j+6e+6je,
07 = 147+ 14e 4 +14je,
By = 1+46je+12,
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Theorem 2.1. (Binet’s Formula) Let n be any integer then the Binet’s formula of dual hyperbolic generalized
Guglielmo number is

Wn = (@A1 + BAs +5As) + (@A + 2BAs)n + GAsn®. (2.7)
where @, E, 7 are given in (2.4)-(2.6).
Proof. Using Binet’s formula of the generalized Guglielmo numbers given below
W, = A1 + Asn + Asn>
where A1, A2, A are given in (1.7) we get
Wn = Wit jWasr + Waga + jeWays,
= Ay +Aon+ Asn® + (A1 + As (n+1) + As (n+1)%)j + (A1 + Az (n+2) + As (n +2)°)e
+(A1 4 A (n+3) + Az (n + 3)%)je.

= (QA1 + BAs + FAs) + (@A + 2BA4s)n + aAsn®.

This proves (2.7). O

In particular, for any integer n, the Binet’s Formula of nth dual hyperbolic triangular numbers, Lucas-triangular
numbers, oblong numbers and pentegonal numbers, respectively, provided by

To = S(B+7)+(@+28)n+and),
}AIn = 3aq,

O, = (B+7)+ (a+28)n+ an®,

Po = ((=8+3%)+ (66 — a)n+ dan).

In the following Theorem, we present generating function of the dual hyperbolic generalized Guglielmo numbers.
Theorem 2.2. The generating function for the dual hyperbolic generalized Guglielmo numbers is
fo (@) = W\o + (/W1 — 3/1/170):10 + (Wg — 3W1 + 3Wo)x2

Wn A/ (1 -3z + 322 —23) '

Proof. We assume that fg (z) is the generating function of the dual hyperbolic generalized Guglielmo numbers
and then we can write

(2.8)

fw, (z) = Z Waa"
n=0

Then, using the definition of the dual hyperbolic generalized Guglielmo numbers, and substracting = an (2),

foWn (z) and xSan (z) from fg (z), we get

(1 — 3z + 32° — acg)fG;V\n(x) = Z Woa" — 32 Z Woa" + 322 Z Woa" — 2° Z W™,

n=0 n=0 n=0 n=0
Z Waa" — 3 Z Woz" ™ +3 Z Woz" 2 — Z Woa"t2,
n=0 n=0 n=0 n=0
Z Wnas" -3 Z Wn,m" +3 Z /angx” — Z Wn,yﬂ”7
n=0 n=1 n=2 n=3
= /Wo —+ W\ﬂb + /ngz) — 3(W\0$ -+ /Wlxz) =+ 3GW01E2
+ Z(/W\n - Sanl + SWTL72 - /W\n73)mn7
n=3

= Wo -+ /W1ZC + /WQJCQ - 3/W0£C - 3W1332 -+ 3/M70x2,
= Wo =+ (W\1 — 3W0)l’ =+ (/WQ — 3W1 =+ 3/W0)$2.
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Note that, using the recurrence relation ﬁ/\n = SI//I\/TL,1 — SWTL,Q + 17[/\”,3 and rearranging above equation, the
(2.8) has been obtained. OJ

Now we can write the generating functions of the dual hyperbolic triangular, triangular-Lucas, oblong and
pentegonal numbers as

(§ + 3¢ + 6j¢) + (1 — 8je — 3¢) « + (e + 3j¢) 22

Iz, (@) = (1 -3z + 322 — a3) ’
fo @ = (3435 + 3¢ + 3j) + (=6 — 65 — 6 — 6j¢) = + (3 + 35 + 3¢ + 3je) 2
H - (1 -3z + 322 —x3) '
fo (2) = (27 + 6 + 12j¢) + (2 — 16 — 6¢) = + (2¢ + 6j¢) z°

On N (1 -3z + 322 —x?) ’

o (@) = (§ 4 52 4+ 127¢) + (1 4+ 2j — 3e — 14je) x + (2 + € + 5je)

P (1 —3z+ 322 —x?) ’

respectively. [J

3 Obtaining Binet Formula from Generating Function

Next, by using generating function fVV\n (z), we investigate Binet formula of {Wn}
Theorem 3.1. (Binet formula of dual hyperbolic generalized Guglielmo numbers)
W, = (@A + BAs + §A3) + (@As + 2BAs)n + AAzn? (3.1)

Proof. Using gthe 3> W,2™ we can write

— = no__ WO + (Wl — 3/W\0)£U + (Wz — 3/V[71 + 3WQ)$2 . dl d2 d3
so that
= dy do ds
R = =

dl(l —1‘)2 +d2(1 — $) +d3
(1—=)? '

thus, we obtain
Wo + (/Wl - 3W0)1’ + (W\z —3W + 3/W70)$2 = (di +d2 + d3) + (=2d1 — da)z + d12°.

If we equalize the coefficients of the same degree terms of x in the above equation, we get

Wo = di +ds+ds, (3.3)
Wi —3Wo = —2dy — ds,
/WQ — 3/V[71 + 3/W\0 = d.
If we solve (3.3) we obtain
di = 3W0 — 3W1 + WQ,
dy = 5Wi—3W,—2Ws,
ds = /Wo — 2/1/‘71 =+ WQ.

47



Yilmaz and Soykan; J. Adv. Math. Com. Sci., vol. 39, no. 4, pp. 37-61, 2024; Article no.JAMCS.11}382

Thus (3.2) can be given as

oo o0 oo o0 2
ZWnac = d12x +d22(n+1)x +d32%x ,
n=0 n=0 n=0 n=0
e 2
F3n42.
= Z(dl +d2(n+1)+d3%)x s
n=0

=~ 1, = — — 1, —~ ~ n
= D (Wort (=W + 4Wy = 3Wo)n + 5 (Wa — 2W1 + Wo)n®)a".
n=0

Hence, we get . P .
W, = A1 + Aon + A3n2

where
1/4\1 = W\Oa
— 1 — — -
Ay = 5(7W2 + 4W1 *3W()),
— 1~ DU
Az = E(Wz —2W, + Wo).

Note that the following equalities given below are true,

—

T _ W (3.4)
= Wo+ Wi +eWs + je(Wo — 3W1 + 3Wa)

. . ) 1
= (1 +j—|—€—|—]6)Wo—|—(j+2€+3]6)(§(—W2+4W1—3W0))
1
+(j +4e + 9je)(§(W2 — 2W1 + Wh))
= QAL+ BA2 +74s,

1 — Y A
Ay = 5(—W2 +4W; — 3W0) (35)

1 1
= S((=3Wo +4W1 = W2) + (5 (=Wo + W2))

+8(Wo —4W7 + 3W2) +j5(3W0 — 8W1 + 5W2))

1
= (1+j+e+je)(5(=Wa+4Ws - 3Wo))
. 1

+2(j + 2 + 3]5)(§(W2 — 2W1 + Wh))

= (@Az +2BAs),

1 —~ o~
A = (Wa—2Wi+ W) (3.6)

1 .
= (W2 = 2W1 4 Wo) + j (W2 — 2W1 + Wo)
+e(Wa — 2Wh + Wo) + je(Wa — 2W1 + Wo)

= aAs.
Using (3.4), (3.5) and (3.6), we can obtain
W, = (@A1 + BAs +7As) + (@As + 2BAs)n + aAsn®. O
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4 Some Identities
We now present certain distinctive identities for the dual hyperbolic generalized Guglielmo sequence {/Wn} The
ensuing theorem establishes the Simpson’s formula for the dual hyperbolic generalized Guglielmo numbers.

Theorem 4.1. (Simpson’s formula for dual hyperbolic generalized Guglielmo numbers) For all integers n we

have,

Wn+1 Wn Wn—l - Wl Wo W_1 . (41)
Wn Wn —1 Wn —2 WO W_ 1 W_ 2

Proof. To proof the above theorem, we can use mathematical induction. First we assume that n > 0. For n =0
identity (4.1) is true. Let (4.1) is true for n = k. Thus, we write the identity given below,

Wer W Wi |=| W W W
Wi Wio1 Wieo Wo W_1 W_,
For n = k + 1, and using above equality, we can write
EIC-&-S Ek-u @-&-1 3@k+2*3:@+1 j’\ﬁ/\k Ek-}—Q @H
Witz Wi Wi = 3Wiir = 3Wi +Wir Wi Wi
Witr  Wir Wi 3SWe —=3Wk—1 +Wi—a Wi Wi
= 8 Mo Wea W |-3| W W WL
Wi Wi Wi Wir Wi Wi

/:Wk EI@ 42 /MZIC\+ 1
T Weer Wi Wy
Wi Wi Wi
/W\k+2 /Wz'ﬁ 1 AWIC
= VKI@ 1 AWk Kk -1
Wi Wit Wi_o

Note that, for the case n < 0 the proof can be done similarly. Thus, the proof is completed. O
From Theorem 4.1 we get following corollary.

Corollary 4.2.

fn«k? A’I’/L\Jrl Aj—’\n
(@) | Torr Tn Toox | =—4@e+ 1) +1).
Tn n—1 n—2
I:\i\”nrl*? Aﬁ+1 A-[/_\In
(b) | Hiyn  H, Hn.1 |=0
Hn n—1 Hn—Q
§n+2 A/’ri+1 Aé\”
(C) On+1 On On—1 = _32(36 + 1)(] + 1)
On  On-1 On-2
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ﬁn+2 ﬁn+1 ]/7\71
(d) ﬁn+1 ﬁn ﬁnfl = _108(35 + 1)(.7 + 1)’
l/)\n ﬁn—l ]/)\n—Q

Now, we present Catalan’s identity of dual hyperbolic generalized Guglielmo numbers.

Theorem 4.3. (Catalan’s identity) For all integers n and m, the following equality is valid:

Wt Wi — W2 = m?(A2 (Ziﬁ — 4B 4+ @m? — 2a%n? — 4an5) — 242 A, (E + an) — @ (@A2 — 2041 43)).
(4.2)
Proof. Using the Binet Formula of dual hyperbolic generalized Guglielmo numbers given below
Wy = (641 + BAs +9A3) + (@A2 + 2BAs)n + adAsn>.
The proof is completed. [

As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic triangular, Lucas-triangular,

Oblong, pentegonal numbers.

We present Catalan’s identity of dual hyperbolic triangular numbers.

Corollary 4.4. (Catalan’s identity for the dual hyperbolic triangular numbers) For all integers n and m, the
following equality is valid:

TosmTom — T2 = imz((_a2 —2aB + 247 — 43%) — 2an (a n 25) +a2 (m? — 2n?)).
Proof. Taking Wn = fn in Theorem 4.3 we get the required result. [J

We give Catalan’s identity of dual hyperbolic triangular-Lucas numbers.

Corollary 4.5. (Catalan’s identity for the dual hyperbolic Lucas-triangular numbers) For all integers n and
m, the following equality is valid:

~

Hn+mﬁn7m - ﬁfz =0.
Proof. Taking Wn = }AITL in Theorem 4.3 we get the required result. [J
We give Catalan’s identity of dual hyperbolic oblong numbers.

Corollary 4.6. (Catalan’s identity for the dual hyperbolic oblong numbers) For all integers n. and m, the
following equality is valid:

OnsmOn—m — 02 = m>((—a> — 2aB + 245 — 45%) — 2an (a n 23) +a2 (m? — 2n?)).
Proof. Taking /V[7n = O, in Theorem 4.3 we get the required result. [J

We give Catalan’s identity of dual hyperbolic pentegonal numbers.

Corollary 4.7. (Catalan’s identity for the dual hyperbolic pentegonal numbers) For all integers n. and m, the
following equality is valid:

~ 1 ~ s R o fm .
PrtmPn—m — Do = 17712((—(12 + 6a8 + 18ay — 36@\2) + 6an (a — 66) +93° (m2 — 2n2)).
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Proof. Taking W, = Prn in Theorem 4.3 we get the required result. O

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized

Guglielmo numbers. Hence, we present the corollary given below.

Corollary 4.8. (Cassini’s identity for the dual hyperbolic generalized Guglielmo numbers) For all integers

n, the following iequality is valid:

(a) Tps1Tnor — T2 = —L((@B — @5 + 2B%) + n(a@® + 2aB) + a>n?).

(b) Huy1Hn1—H?=0.

(€) Ont10n1 — 02 = —2((@B — a5 + 28) + n(@* + 2aB) + a’n?).

(d) Pus1Pn-1 — P2 = —1((—4a® — 3aB — 939 + 188°) + 3n(6a8 — a°) + 9a°n?).

Theorem 4.9. Suppose that n and m be positive integers, T, is triangular numbers, the following equality
is valid: . L . .
Wm+n = Tm71Wn+2 + (Tm73 - 3Tm72)Wn+1 + Tm72Wn- (43)

Proof. First for the proof, we assume that m > 0 .The identity (4.9) can be proved by mathematical induction
on m. Taking m = 0, we get

Wy =T 1Wnio + (T35 — 3T—2)/V[7n+1 + T 2W,

which is true by seeing that 71 = 0,7_5 = 1,735 = 3. We assume that the identity (4.3) holds for m = k.
Then for m = k + 1, we get

/W\(k+1)+n = 3/W\n+k - 3Wn+k71 + Wn+k72

= 3(The1 Whto + (Ths — 3Tk72)/w\n+1 + ThaWy)
*3(Tk—2wn+2 + (Th—a — 3Tk—3)/m7n+l + ThesWy)
+(Tu—s Wtz + (Thes — 3Th—a) Wrsr + Teea W)

= (8Tk—1 —3Tk—2+ Tk73)ﬁ/\n+2 + ((3Tk—3 — 3Tp—a + Tr—5)
—3(3Tx—2 — 3Th—3 + T—1))Wni1 + (3Th—2 — 3Th—3 + Tia) Wy,

= TkWn+2 + (Th—2 — 3Tk71)Wn+l + Tk—lﬁ/\n

= T(k+l)—1wn+2 + (T(ht1)—3 — 3T(k+1)—2)wn+1 + T(k+1)—2wn-

Consequently, by mathematical induction on m, this proves (4.9). Note that, for the other cases the proof can

be done similarly. [

5 Linear Sums

Within this section, we provide summation formulas for dual hyperbolic generalized Guglielmo numbers, encompassing

both positive and negative subscripts.

Proposition 5.1. For the generalized Guglielmo numbers, we have the following formulas:

(a) Sr_oWe= 3% (n+1)((2n° — 2n) W2 — 2 (2n° — 5n) Wi + (2n° — 8n + 12)W).
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(b) doreoWig1 = % (n+1) ((2n2 + 4n) Wy —2 (2n2 +n— 6) Wi + (2n2 —2n)Wo).

(€) i oWiie =15 (n+1)((2n® + 100+ 12) Wa — 2 (2n® + Tn) W1 + (2n° + 4n)Wo).

(d) 7o Wias =5 (n+ 1) ((2n* + 16n + 36) W2 — 2 (2n® + 13n + 18) Wi + (2n® + 10n + 12)Wp).
Proof. For the proof, see Soykan [13]. O

Proposition 5.2. For the generalized Guglielmo numbers, we have the following formulas:

(a) Sr_oWar = & (n+1) ((8n% — 2n) W2 — 2 (8n® — 8n) Wi + (8n® — 14n + 12)Wh).

(b) Sr_o Waks1 = &5 (n+1) (W2 (8n° + 10n) — 2W1 (8n* + 4n — 6) + (8n” — 2n)Wh).

(€) 7o Waksa = 15 (n+1) ((8n° + 22n + 12) Wa — 2 (8n + 16n) W1 + (8n° + 10n)Wo).

(d) 7o Waiis = 15 (n+1) ((8n* + 34n + 36) Wa — 2(8n* + 28n + 18)W;
+(8n? + 22n + 12)Wp).

(€) X7 o Wakga = &5 (n+ 1) ((8n* + 46n + 72) W2 — 2 (8n® + 40n + 48) Wi + (8n” + 34n + 36)Wo).
Proof. For the proof, see Soykan [13]. O

Proposition 5.3. For the generalized Guglielmo numbers, we have the following formulas:

(a) Sr_oWor =5 (n+1)((2n% +4n) W2 — 2 (2n® + Tn) Wi + (2n° + 100 + 12)Wo).

(b) Sy Weoki1 = &5 (n+1) ((2n* — 2n) Wa — 2 (2n% + n — 6) W1 + (2n° + 4n)Wo).

() i oWokiz =5 (n+1)((2n° — 8n+12) Wa — 2 (2n® — 5n) W1 + (2n® — 2n)Wp).

(d) >orco Wekgs = % (n+1) ((2"2 — ldn + 36) W2 = 2(2n% — 11n + 18)W)
+(2n® — 8n + 12)Wp).

Proof. For the proof, see Soykan [13]. O

Proposition 5.4. For the generalized Guglielmo numbers, we have the following formulas:

(a) Sp_oWook = 35 (n+1) ((8n* 4+ 10n) Wa — 2 (8n® + 16n) W1 + (8n” + 22n + 12)Wy).

(b) 7o Weookt1 = 15 (n+1) ((8n® — 2n) Wa — 2 (8n® + 4n — 6) W1 + (8n” + 10n)Wo).

() S oWozksz =5 (n+1)((8n° — 14n + 12) W — 2 (8n® — 8n) W1 + (8n® — 2n)Wy) .

(d) o Weookis = 15 (n+1) ((8n® — 26n + 36) Wa — 2 (8n* — 20n + 18) Wi + (8n® — 14dn + 12)Wh).

(€) 7 o Wakga = 35 (n+ 1) ((8n* + 46n + 72) W2 — 2 (8n® + 40n + 48) Wi + (8n” + 34n + 36)Wo).
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Proof. For the proof, see Soykan [13]. O

Next, we present the formulas which give the summation of the dual hyperbolic generalized Guglielmo numbers.

Theorem 5.5. For n > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo

numbers.

(2) 0o Wi = (n+ 1)((—n + 6e + 18] + 5ne + jn? +n2e + 2jn +n> + 8jne + jne)Wa + (65 + 5n — 18je —
Tne —2jn* —2n%e — jn—2n% — 13jne — 2jne) W1 + (—4n+6je +2ne + jn’ +nc — jn+n? +5jne + jn’c 4 6)
Wo).

(b) Sr_War = L (n+1) ((—n + 62 + 18] + 11ne + 4jn” + 4n2c + 5jn + 4n® + 1Tjne + 4jn’e)Wa + (65 +
8n — 185 — 16ne — 8jn? — 8n’ec — 4jn — 8n? — 28jne — 8jn’e)Wi + (—7n + 6je + 5ne + 4jn® + 4n’e —
gn 4 4n? + 11jne + 4jn’e + 6)Wo).

(€) S0 Worsr = & (n+1)((6§ + 5n + 18 + 36je + 17Tne + 4jn” + 4n’e + 11jn + 4n® + 23jne + 4jn’e)
Wo + (6 — 18 — 48je — 28ne — 8jn* — 8n’ec — 16jn — 8n” — 40jne — 8jn’c — 4n)W1 + (—n + 6¢ 4 18je +
11ne + 4jn® 4 4n’e + 5jn + 4n? + 17jne + 4jn%e)Wo).

Proof.

(a) Note that using (2.1), we get
ZWI@ = ZWk +jZWk+1 +EZWk+2 +j€ZWk+3
k=0 k=0 k=0 k=0 k=0

and using Proposition 5.1 the proof is easily attainable.

(b) Note that using (2.1), we get
n _ n n n n
Z Way = Z War + 7 Z Waky1 +¢€ Z Waky2 + je Z Waky3
k=0 k=0 k=0 k=0 k=0

and using Proposition 5.2 the proof is easily attainable.

(¢) Note that using (2.1), we get
Z /W2k+1 = Z Wakg1 +J Z Wakq2 + € Z Wakys + je Z Wakta
k=0 k=0 k=0 k=0 k=0

and using Proposition 5.2 the proof is easily attainable. [J

As a particular case of the theorem 5.5,(a), we present following corollary.

Corollary 5.6. For n > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo

numbers.

(a) S0 T =% (n+1)((65 + 18 + 36j¢) + (55 + 8 + 11je + 2)n + (j + & + je + 1)n?).
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(b) i Hi = (3j+3e+3je+3) (n+1).

(¢) S0, Or = E(n+1)((124 + 36¢ + 72j¢) + (105 + 162 + 22je + 4)n + (25 + 2¢ + 2je + 2)n?).
(d) Sr_oPr =& (n+1)((65 + 30e + 72je) + (18 + 95 + 27je)n + (35 + 3¢ + 3 + 3je)n?).

As a particular case of the theorem 5.5, (b), we present following corollary.

Corollary 5.7. For n > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo

numbers.

(a) Xr_oTox = & (n+1)((65 + 18 + 36j¢) + (5 + 17 + 115 + 23je)n + (4 + 45 + 4e + 4je)n?).
(b) X7, Hor = (37 + 3¢ +3je +3) (n+1).
(¢) 37y Ook = & (n+1) (125 + 362 + 72je) + (10 + 225 + 34e + 46je)n + (8 + 85 + 8¢ + 8je)n?).

(d) Sp_oPor = & (n+1) (65 + 302 + 72je) + (3 + 21 + 39 + 57je)n + (12 + 12j + 12 + 12je)n?).

As a particular case of the theorem 5.5, (c), we present following corollary.

Corollary 5.8. For n > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo

numbers.

(a) S oToes1 = & (n+1) ((6 + 18] + 36¢ + 60j¢) + (11 4 17j + 23 + 29je)n + (4 + 4j + 4e + 4je)n?).
(b) 7y Horsr = (3j + 3+ 3je +3) (n+1).
(€) Sr_oOoni1 =& (n+1) (12 + 365 + 72¢ + 120j¢) + (22 + 46¢ + 34j + 58je)n + (8 + 8] + 8¢ + 8je)n?).

(d) X7 oPokt1 = & (n+1)((6+ 305 + 72 + 1325e) + (21 + 395 + 57 + 75je)n + (12 + 125 + 12 + 12je)n?).

Now, we present the formulas to give us the summation formulas of the generalized Guglielmo numbers with

negative subscripts.

Theorem 5.9. For n > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo

numbers.

(a) Sr_ Woi = L (n+1)((2n+ 6¢ + 18je — 4ne + jn® + n’c — jn+n> — Tjne + jn’e)Wa + (65 — Tn — 18je +
5ne —2jn® —2n%e — jn—2n% + 11jne — 2jn’e) Wi + (5n +6jc —ne + jn* + n’c + 2jn+n’ —4jne + jn’e +6)
Wo).

(b) X Weor = L (n+ 1) ((5n+ 6 + 18je — Tne + 4jn> + 4n%e — jn + 4n® — 13jne + 4jne)Wa + (65 — 161 —
18je + 8ne — 85n% — 8n’e — 4jn — 8n? 4 20jne — 8jne)Wi + (11n + 6je — ne + 4jn® + 4n’c 4 5jn + 4n® —
Tine + 4jn’e + 6)Wo).
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(¢) Sr_ o Weoksr = L(n+1)((6§ — n + 18¢ + 36je — 13ne + 4jn> + 4n’e — Tjn + 4n® — 19jne + 4jn’)
Wa + (20ne — 18 — 48je — 4n — 8jn” — 8n’e + 8jn — 8n? 4 32jne — 8jn’e + 6)W1 + (5n + 6¢ + 18je —
Tne + 4jn® + 4n’e — jn + 4n? — 13jne + 4jne)Wo).

Proof.

(a) Note that using (2.1), we get

Z W= Z W_r+j Z W_py1+e Z W_kq2 + je Z W ki3
k=0 k=0 k=0 k=0 k=0
and using Proposition 5.3 the proof is easily attainable.

(b) Note that using (2.1), we get

Z W—Qk = Z W_ ok +J Z W_oky1 +¢ Z W_sk+2 + je Z W_ak43
k=0 k=0 k=0 k=0 k=0
and using Proposition 5.4 the proof is easily attainable.

(C) Note that using (2.1), we get using Proposition (5.4), we get

Z W—2k+1 = Z W_oky1+3 Z W_opyo+¢ Z W_oky3 + je Z W_ok+ta
k=0 k=0 k=0 k=0 k=0

and using Proposition 5.4 the proof is easily attainable. O
Next, we present different sum formulas of the dual hyperbolic generalized Guglielmo numbers.
As a particular case of the theorem 5.9, (a), we obtain the following corollary.

Corollary 5.10. Forn > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo
numbers.

() S0 T =L (n+1)((65+ 18 + 36j¢) + (—1 — 4j — 7e — 10je)n + (1 + j + & + je)n?).

(b) ¢ g Hor=(3j+3c+3je+3)(n+1).

(€) Xr_yO-i =t (n+1)((12) + 362 + 72je) + (—2 — 8j — 14e — 20je)n + (2 + 25 + 2¢ + 2je)n?).
(d) SF_oP-r =3 (n+1)((2j + 10 + 24je) + (1 — 2j — 5e — 8je)n + (1 + j + & + je)n?).

As a particular case of the theorem 5.9, (b), we obtain the following corollary.

Corollary 5.11. Forn > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo
numbers.

(a) Sp_oToox = & (n+1) (6] + 18 + 365) + (—1 — 7j — 13c — 19je)n + (4 + 4] + 4e + 4je)n?).

(b) Sp_oH ok = (3j+3e+3je+3)(n+1).
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(¢) 30,0 ok =% (n+1) (65 + 182 + 365¢) + (—1 — Tj — 13e — 19je)n + (4 + 45 + 4e + 4je)n?).

(d) 7 P2k = L (n+1) (65 + 30e + 72je) + (9 — 9j — 27 — 45je)n + (12 + 12j + 12 + 12je)n?).
As a particular case of the theorem 5.9, (c¢), we obtain the following corollary.

Corollary 5.12. Forn > 0 then the following sum formulas holds for dual hyperbolic generalized Guglielmo

numbers.

(a) S0 Toorrt = & (n+1) ((6+ 18 + 362 + 60je) + (—7 — 13j — 19¢ — 25j¢)n + (4 + 45 + 4e + 4je)n?).
(b) S H opi1 = (3j+3e+3je+3) (n+1).

(€) X O—orr1 =L (n+1)((6+ 18 + 362 + 60je) + (=7 — 13j — 19¢ — 25je)n + (4 + 47 + 4e + 4je)n?).

(d) X7 oP-2kt+1 =% (n+1)((6+305 + 72 + 132je) 4 (—9 — 275 — 45e — 63j2)n + (12 + 125 + 12 + 12je)n?).

6 Matrices related with Dual Hyperbolic Generalized Guglielmo
Numbers

In this sectiion, using dual hyperbolic Guglielmo numbers, we give some matrices related to dual hyperbolic
Guglielmo numbers.

We consider the triangular sequence {T,,} defined by the third-order recurrence relation as follows
Tn - 3Tn—1 - 3Tn—2 + Tn—3

with the initial conditions
To=0,Ty =1, T = 3.

We present the square matrix A of order 3 as

3 =3 1
A= 1 0 0
0O 1 0

under the condition that det A = 1. Then, we give the following Lemma.

Lemma 6.1. For any integers n the following identity can be written

an 3 -3 1\" Wz
Wn+1 = 1 0 0 W1 . (6 1)
/Wn 0 1 0 /1/(70

Proof. First, we prove the assertion for the case n > 0. Lemma 6.1 can be given by mathematical induction on
n. If n =0 we get

W 3 -3 1\° [ W
wy | =1 0 0 Wi
Wo 0O 1 O Wo
which is true. We assume that (6.1) is true for n = k. Thus the following identity is true.
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EI@-}—Q 3 -3 1 k :V‘Zz
Wk+1 — 1 0 O Wl
Wi 0 1 0 Wo
For n =k + 1, we get
3 -3 1\ [ W 3 -3 1 3 -3 1\" [ W
1 0 O Wi = 1 0 O 1 0 O W1
0 1 0 Wo 0 1 0 0 1 0 Wo

Il

—
=
o =
SIS

0 1 0
3Wk+2 —E/Wk+l + ﬁ/\k
= I//_V\k+2
Wit
Ezﬁ-s
= /Mik+2
Wit

For the other case n < 0 the proof is easily attainable. Consequently, using mathematical induction on n, the
proof is completed.

Note that, see [20],
Th+1 —3Tn +Th-1 Tn
A" = Ty —3Tn_1+Th_—o Th_1
Tn—l _3Tn—2 + Tn—S Tn—2

Theorem 6.2. If we define the matrices Ny and Eg; as follow

W Wi W
wo= | W
Wo W_1 W_o
w %—kl AWn En—l
Wn anl Wn72

5
I

S|
)
I

then the following identity is true:
A"Ng = Egp.

Proof. For the proof, we can use the following identities

Tn+1 —STn + Tn—l Tn W2 Wl WO
AnNW - Tn 73Tn—1 + Tn—2 Tn—l W1 Wo Wfl ;
Tnfl _3Tn72 + Tn73 Tn72 WO W71 W72

a1 aiz a13
- az1 az2 Q23
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where
a1l = /W\QTn+l + W (Th—1 —3T%) + ‘//V\oTn,
a1z = WiTni1 + Wo (Tao1 —3T) + W_1Th,
a1z = WoTust + Wei (Tay — 3T0) + WeaTh,
a1 = WzTn + W (Th—2—3Th-1) + /Woan,
ass = WAT, +Wo (T2 —3Th—1) + WoiTpo,
az3 = WOTn + ‘//V\—1 (Th—2 —3Th-1) + /W\—QTn—l,
azr = WoTw 1+ Wi (Trh—3 —3Th—2) + WOTnf%
azs = WiTw_1+ Wo (Tn_z — 3Tu_2) + W-_1T,_o,
azz = ’W\OTnfl + W—l (Th—s —3Th—2) + ,W\72Tn72~

Using the Theorem 4.9, the proof is done. O

From Theorem 6.2, we can write the following corollary.

Corollary 6.3. (a) We suppose that the matrices N4 and Ez are defined as following

TQ j—\‘l ’1/—\‘0
NT = fl j:o ’f_ 1 5
fo T, 1 '1/:,2
,ljn+2 fﬁ+1 ATn
E; = Th+1 Tn Tho )
T Tor Toos

so0 that the following identity is true for A", Nz, Ez,
A"Ng = Bz,

(b) We suppose that the matrices N5 and Eg are defined as following

O: O O
N@ = 01 OO O—l )
Oy O-1 O_2
§n+2 A/ri+1 Aan
Ea - On+1 On On—l )
On On—l On—2
so that the following identity is true for A", Ng, Eg,
A"Ng = Ej5.

(C) We suppose that the matrices Ng and Eg are defined as following

H, H, H
Ng=| B H, H, |,
Hy H, H.
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~ ~

Hn+2 H’n+1 H’n

EITI = Hn+1 Hn ﬁnfl )

Hn anl ﬁn72
so that the following identity is true for A", Ng, Eg,

A"Ng = Ej.

(d) We suppose that the matrices Ny and E5 are defined as following

P2 pr Do
Np=| pr Do D1 |,
ﬁO ﬁ,l A72

I/)\nJrQ f)\nJrl ﬁn
E; = Pn+1 DPn Pn—1
D Dn-1  DPn-2
so that he following identity is true for A", Np, Ep,

A"Np = E;.

7 Conclusion

In the literature, there have been numerous studies on sequences of numbers, which have found wide applications
in various research fields, including physics, engineering, architecture, nature, and art. In this study, we
introduce the concept of dual hyperbolic generalized Guglielmo sequences and focus on four specific cases: dual
hyperbolic triangular numbers, dual hyperbolic Lucas-triangular numbers, dual hyperbolic oblong numbers, and

dual hyperbolic pentagonal numbers.

e In section 1, we give brief on the application areas of hypercomplex number systems in physics and

engineering fields as follows. Also, we give some proporties about generalized Guglielmo numbers.

® In section 2, we define dual hyperbolic generalized Guglielmo numbers then using this definition, we

present generating functions and Binet’s formula of dual hyperbolic generalized Guglielmo numbers.

® In section 3, we present certain distinctive identities for the dual hyperbolic generalized Guglielmo

sequence {Wn} that named Simpson’s formula, Catalan’s identity and Cassani’s.

® In section 4, we present summation formulas for dual hyperbolic generalized Guglielmo numbers, which

encompass both positive and negative subscripts.

® In section 5, we give some matrices related to dual hyperbolic Guglielmo numbers.
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