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ABSTRACT

The motion of the low altitude Earth satellites is important for space applications, since these altitudes are
crowded by a large number of artificial satellites. At this region the Earth’s oblateness and the drag force play an
important role and capture the dynamics of the problem. The present work investigates the motion of a low
altitude Earth satellite under the combined effect of the Earth’s gravity, up to the fourth zonal harmonic, and the
drag force. The equations of motion are formulated under the considered force model. The problem under
concern is treated using two different techniques, Cowell's and Average methods. We used the TLE data of the
International Space Station (ISS) to compare the analytical method (average method) and the numerical
Cowell’s method. To better understanding the problem, we carried out several numerical explorations. A
Mathematica code is constructed to simulate the numerical examples. Comparing the two methods, we found

that Cowell’s method gave more acceptable results.

Keywords: Perturbation Effects; Atmospheric drag; Oblate Earth; Cowell’s Method; Average

Method; Low Earth orbit (LEO).

1. Introduction

A perturbation is a deflection in the orbital
motion of two body, one revolving around the other.
The disparity of the masses of the bodies that
revolve around each other leads to a difference
between the actual path and the theoretical path of
two body. There are some forces that Kepler did not
take into account, such as drag and the non-spherical
of the Earth. We cannot consider that the
perturbations are minor, because there may affect
greater than the attractive forces between the two
body. The orbit of the satellite can be predicted by
using some perturbation method. The average value
of the orbital elements can be computed by many
different ways. Analytical theory treated by many
authors [1-11]. Spaceflight is given great credit for
studying the effect of atmospheric drag on a
satellite. The first to help and work in that is King-
Hele [12]. He ignored other perturbations and one
studied the effect drag atmospheric drag. Battin [13]
reviews the change of the average values to the
semi-major axis and eccentricity. Vallado [14] and
Roy [15] deduced the change equations for both
semi-major axis and eccentricity to obtain the
secular-periodic terms rates of change of the orbital
elements. Mittleman [16] solved the non-integral
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drag problem using the approximate mean. Vinh
[17] used numerical methods to calculate the change
of orbital elements in the equations of orbital
motions. Most of the previous studies use the
analytical solution for oblateness, drag, and vice
versa to find the integration problem. The current
work aims to construct the perturbed forces of
Earth's zonal potential field and drag in the
equations of motion and treat them analytically and
numerically utilize average method and Cowell’s
method.

2. Dynamical system
2.1. Preliminaries

The equation of motion of two-body
unperturbed problem is given by

r-—L,
r3 @
where p is gravitational parameter.
; p
f=—_+r+P
r3 )

P represents additional forces as zonal
harmonics and atmospheric drag
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The Lagrange planetary equations (LPE) [13] are

da 2 (aﬂ)
dt na\dM (3.1)
de 1 1—e2( 1 ﬁﬂ+aﬂ)
dt na? . Vi—efdw oM (3.2)
di 1 aR R
— = _(——+n.-51—]
dt =a?vi—eZsini‘ a() dew (3.3)
dQ) 1 (a:RJ
dt na2vi—eZsini'ai (3.4)
dw 1 1-e9R R
= ( - cntl—_J
dt na?vi—e?\ e Qe ai (3.5)
dM 1 ( AR 1 —e? a:R)
dt na2\ %32 e oo (3.6)
D

n=+—

where a® is the mean motion and ® is perturbing potential.

The Gaussian planetary equations are used in most the perturbed force (conservative and non-conservative)
acting on the orbit. The Gaussian planetary equations are represented in RSW frame, i.e.,

VF=Ri, +slp + WU, Tpen resulting equations are [13]:

a=—(eﬂnfé +Eé)
. A1l —e2] . - e+cosf \;
(4.2)

di reos(w+f)
dt_naz.,;l_ez (4.3)

I'siﬂ((l.} + f)

0= W
na./1—eisini (4.4)
f1 _ az - -] rcotisin(w+f) .
W= :1!135 —coS fR +Sinf(1+£)5}— ( )W
P Jup (4.5)
1

[{p c0sf-2er)R —(p +T}Siﬂfé]

“nate (4.6)
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2
where P =2l — €% fisthe true anomaly, and R, S, W. are perturbing accelerations.
2.2. Semi-analytical Solution

In this section, the zonal potential and atmospheric drag will be solved by using the semi analytical
solution.

The Zonal Part: The zonal harmonics part is given by [13]

Rzonal(r, ) = % [1 - i (r?e)h Jp Fy(sin ll-'j]

b=z (5)

R is the perturbing potential . Where ]h b= 2! 3! == are the gravitational coefficients, Ll-' is the
latitude, SIN Y =sini sin(w + f) , u = w +7 isthe argument of latitude, I'e is equatorial radius of

Earth and Ph (IIJ) Legendre polynomial, can be expressed as

db b
Po(¥) = o5rage (W~ 1)

The average of R can be calculated as

1 T 1 2n
(Rzonal) = ?L Rdt= ﬁfn R au (6)

where the relation between dM and df is

e

r
dM =fdf
a=y1l—e=

Substitute this equation into equation (6) the average :chrnal becomes,

2
5) df = Rec + Rion,

R }—1J‘H = (
PO R
ol “3n )y JT ez \a 0

(a) Second Degree Expansion:From equation (5), the Earth’s potential function which includes the perturbation
due to the oblateness of the Earth can be defined as,

ur
R=- r§ I2

{

2 3sin?P -1

2 ®)

The perturbation due to the oblateness of the Earth causes a precession of the line of nodes around the
normal to the ecliptic plane. If the orbital perturbations are analyzed for one orbit, the average of a function over
one period can be used as

2
{-‘-Rz} = —lLﬂz (3 sin?i — 2)
33{1 - EZ}E 9)

Substituting equation (9) into equation (3), the mean orbital elements affected by the ]z perturbation are equal
to,

ace-3_g

T dt (10.)
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: 3 a2 .
ﬂ:——ﬂlz (—E) co31
2 a
2(1 o ez) (10.2)

. 3 Ta 2 2.
W=—""u, (E] (s cosZi-1)

4(1—e?) z (103)
M =;3n;z(%e] (3c052i— 1)

"(1 _ 92)2 (10.4)

a.ei, 0 és and M are the mean orbital elements for the semi major axis,
eccentricity, inclination angle, RAAN, argument of perigee, and mean
anomaly. The semi major axis, the eccentricity, and the inclination angle are not affected by secular perturbation

of ]z . The only orbital elements affected are the RAAN, the argument of perigee, and the mean anomaly which
cause a rotation and precession of the orbit. The rotation and precession can be compared to the spinning of a
symmetrical top with an inclined rim. The nodal precession is observed in the rate of change of the RAAN. If
the inclination angle is equal to 90° degrees, there is no precession or regression of the orbit. For 0 < 1 < 90°,
the node precesses toward the west it called a regression node. If 90° < | < 180° the node precesses toward the
east it called a prograde node. The argument of perigee has a rate of precession about the polar axis which
causes a motion of the major axis of the ellipse. There are two inclination angles for which there is no

precession (or regression) of the argument of perigee, where i = 63.4 and 116.6 degrees. If 1 < 63.4¢ , the
line of apsides precesses in the direction of the orbit motion. For 63.4° <1 < 116.6°, the line of apsides precesses
in opposite sense to the orbital motion.

(b) Third Degree Expansion:We start our calculation of ® by expanding up to third degree, We the
Legendre polynomials P3 (sin y). (R} becomes

3
{:R;}:% Hle"€ 5;3(—5 sin?i +4)sinisinw
34(1 — 92)? a1
The final result is:
a=>0 (12.1)
. 3 rev[3+ 5 cos2i o
e=——nj;3 (EJ T T " cos wsini
Lo (1—e?) (12.2)
di 3 | (re)3 [3+5c052i]
— - — he — CosicO3 W
dt” 16 B\a) L(a—e2)3 17 (12.3)
.3 re3 [coS1+ 15C0531 .
f=-rgnels (=) e ]csculnm e
. . _ —1—3e2—4c052i+5(1+’?e2)c054i
d}:an];(ge] sinw esci -
e(1—e2) (12.5)
1+12e?)(sini+5sin3i
M:inh(r—e];sinm ( )( )
52"l G .
e(1—e2) (12.6)

(c) Fourth Degree Expansion: For degree 4, we use the Legendre polynomial H{Slﬂ ‘P} and proceed as
before. This leads to
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! — _; T 2 : 2 . .
{Ry) = 1[:124::5.:1—9:}?*':3?9 (18 + 27e= + 40Cos[2i] + 60e-Cos[2i] + 70Cos[4i] +

105e%Cos[4i] + 30e?Cos[2w] — 35e%Cos[2(—2i + w)] + 20e*Cos[2(—i + w)] + 20e?Cos[2(i +
w)] — 35e%Cos[2(2i + w)])/s

(13)
similarly, {Rz2). {R3) and the final result is:
a=0 (14.1)
. :
é:Eenh (T—E] sin2isin 2|2 705 21
64 a 1 —e2)°
(1—-e2) (14.2)
di 15 (re)“ n2[lten 2+ Tein
at-256¢ M \G) sin2el— "oy 143)
15 r 4(2+392){9c05i+?c053i}—2e%..—-sZm(S.:osH?.:os[(Si):'
e
128 a (1-en)*
(14.4)

—27(4 + 5¢2) + 2(—=6 + 5 e?)cos 2 + 4co 5 2i(—52 — 63 ¢? + 2(—2 + 7 e2)co s 20|

.15 re
@ =535 " (?)

(1-e)’
(14.5)
. 15 re\*[(8 + 9 e%)(9 + 20co s 2i + 35c0 s 4i) + 8(2 + 15 e?)(5 + 7co s 2i)co s Zwsin? i
M=1ozz "k (?) 7
(1-e2) (14.6)
Finally, the total effect of the gravitational field of the earth is,
az =0 (15.1)
. 3 e Cos[w]Sin[i] (—2a(—1 + &?)(3 + 5Cos[21])]3 + 5e rc(5 + 7Cos[2i]) J4Sin[i]Sin[w])
: 32a7 [—1 + 92)311 (15.2)

di 3 e r.?u Cos[i]Cos[w] (—23[—1 +e?)(3 + 5Cos[2i])]3 + 5 e re(5 + 7 Cos[2i] )]4 Sin[i]Sin[m])

dt: 323?[—1 + 92)411

(15.3)

0. = (3.2 u(—5e?r.2(5 Cos[i] + 7 Cos[3i])Cos[2w]]: + Cos[i](—32a%(—1+ %)%, +
5(2 +3e?) 1.2(1 + 7Cos[2i]) J.) — 2ae(—1 + e*)r.(Cos[i] + 15Cos[3i])Csc[:]/[3]Sin[w]))/
64a’(—1+e2)*n

(15.4)
W, = 1u~4ﬁ?a.'1—1+a=}4n 3r.2u(128ae(—1 + e*)%(3 + 5Cos[2i])], — 5er 2 (27(4 + 5e%) + 4(52 +
63e?)Cos[2i] + 7(28 + 27e?)Cos[4i]) ], + 10er,>(—6 + 5 + 4(—2 + 7e?)Cos[2i] + 7(2 +
9e2)Cos[4i])Cos[2w]]s + 16a({—1 + e®)r.(—1 — 3e* — 4Cos[2i] + 5(1 +
7e?)Cos[4i])Csc[i]/3Sin[w])

(15.5)
M. = (—3r.2u(—384a%e(—1 + €2)2(1 + 3Cos[2i])], + 5e(8 + 9e2)r.2(9 + 20Cos[2i] +
35Cos[4i])], + 40e(2 + 15e®)r.2(5+ 7Cos[2i])Cos[2w]]Sin[i]* + 32a(—1+e)(1 + e)(1 +
12e2)r, J3(Sin[i] + 55in[3i])Sin[w]))/1024a7e(1 —e?) " 2n

(15.6)
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Atmospheric Drag

The development of the drag coefficient model for various solar activities is given by Cook [18]. Marcos
has studied the precision of the drag model for LEO satellites orbit the density [19]. Moe et al studied the
geometric shapes of the drag coefficient by using orbital measurements [20]. Storz et al. worked to develop a
high-resolution model for drag of low-orbit satellites [21]. Most of the effects of the drag coefficient on LEO
satellites have been reviewed using most theories by Prieto [22]. The force acting on the drag model can be
represented as

Fdrag:_% (Smﬁ]PW—P}HV—VH (16)
where m is the satellite mass, S is the effective cross-sectional area, iCD is the drag coefficient, The coefficient
p- (D)

I ° known as the ballistic coefficient. The vector v is the velocity of the satellite. The vector Vs

the atmospheric velocity. If the atmosphere was with the beginning of the revolutions of the Earth and it would

T
be spherical, then ¥V = 00 wel'T , where We is the Earth’s rotation rate and r is the position vector.
Using the Herring approach, the atmospheric density may be written as [13]

_ Tpo T
p = Py exp (o ) .

Where Po is the initial value of the atmospheric density, Tpo is the initial perigee radius and H is the density

scale height. The drag force vector Fdrﬂg , written in the NTW frame [9].
N=0 (18.1)
1+ 2ecosf+ el

1-el (18.2)

T=- %Klnzazp

1+ 2ecosf+e2

W=— %KZHEPTCDS(M—Ff)SiHi

1 —e?
(18.3)
I'pp We COS1
_(5.%p _(SZCD 0 Q:(l——p
Where 1_( m ]Q , K, = m ]“Eﬂl , and Vpo )

The variables Sl and Sz are the cross-sectional areas, and Vpo is the initial velocity at perigee. Using the
transformation from NTW to RSW, the drag components can be obtained [14].

- esinf ; 1+ ecosf -
R-= ST+ TN
(1 +e2 + 2ecos[f) ]2 (1 + e2 + 2eco s[f) ]2 (19.1)
g 1+ ecosf . esinf .
= 1 r— 1 N
(L +e2+2ecosf)]? (1 +e2+2ecos]f)]2 (192)
Substituting equations (18) and (19) into equation (4) give us:
5 3
ap = _KILE‘E p (1 + 2ecos f+ Eg)z

(1—e2)2 (20.1)
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1
eD:_Kl—nalp{fosf—ke} (l—i—2:—:L(:t_"||sl°—|—nez)2
(1-e2)? (202)
di__ Kza ini[l+ cos(2w + 20)](1 - 2}[1+Eecosf—|—ez)%
dtp 4{1+ec05f)2p3 ¢
. ; (20.3)
fp = — 2 psin(2w + 2f) (1-e2) (1 + 2ecosf + e
T 4(1tecosf) ( ) (2-e?) ( ) (20.4)
1 .
wp = —Kl—nalpsiﬂf (1 + 2ecos f+ ez)z —cosi Qgrag
e(1—e2)2 (20.5)
1
- Kina 2
Mp = - L sinf(1+ecosf+e?) (1+ 2ecosf+ e?
P e(1+ecosf) ? ( ) ( ) (206)

Equations (20) can be solved by modified Bessel functions depend on the atmospheric density [23, 24], as a
result the secular and the long-periodic terms is

. 3 2 I 0 — 4
— 2 2 3 P
HD——Klpﬂﬂa 1+e 4+H+4H2 -I-ﬂ'{e]eXp(T]
1.1

E‘ p0 — )
ép = -K a € +o Xp|———
D 1 POM [ 2 5] (e? ]]e p( 5] 212)
di L3 z 11 2 Ipp — &
E’;D = _EK: ppasini|l+ef (E_%+4EH2)+(§_%+SEH2) e'cosZmw+ C?{EE:I]SXP( FDH :I

(21.3)
11 a a2\ , . 3 I'po — 4

D: —KZ Pod ( H+BH2)es:ﬂ2m+ﬂ(e )e}(p(T 1o
Wp =—-CoS1. 0 (215)

; 3
Mp :_EKI ponta

3 a a2 I'pyp — &
1+e? (E T3 H?-) + ﬂ'{e!]]e.tp( DUH J x (t—tg)
(21.6)

3. Numerical Solutions
3.1. Cowell’s method

P.H. Cowell [25] discovered this simple and direct method of using all perturbation in the early twentieth
century. This method is used to write all the effects of the perturbation on the motion system with respect to the
two-body problem, and we can solve that numerically, the equation Become [25].

f=—Hrip

r3 (22)

where P is perturbed forces

We can change the second order differential equation into a first order differential equation by numerical
methods (Runge-kutta) [26]. We get the following equations
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I(,_ I I;(=Vx
X=—3%= irxz—r%x—kP
}'?=‘U'},
H N L
o r3T+P=\{}I_ 27 if},=—r£3}r+P
. p =Yy
LZ__r_32_ irz=—r£3z—|—P

i=v = fGy.257,2)
.1-‘} = 1}}‘ = fz [xryrzr j‘-f}}’z)
Z=v, = (%Y%)

v, = —::—gx = filx,y,z%y,2) ()
. 4] L e
vy =—3¥=f(yz%y.2)
. H . e
\V; =—5Z= fo(x,v,2,%,9,2)

1
where T=0&+y*+z91
Equations (23) can be solved numerically using Runge-Kutta method which in the form of first order
ordinary differential equation (ODE). The ODE solved, the initial position and initial velocity must be specified

initial conditions. The state vector position and velocities of a satellite can be converted into orbital elements
[27].

4. Results

The Russian Zarya satellite (ISS ZARYA) was launched in 1998. Its altitude is about 411 Km.
(http://celestrak.com) The Orbital elements data can be extracted using two line element, initial time use the
data:

ISS (ZARYA)
1 25544U 98067A 19351.54008334 .00016717 00000-0 10270-3 0 9070
2 25544 51.6378 172.3255 0007343 42.7724 3176.3997 15.50134307 3696

The orbital elements data can be extracted using two line element, final time use the data:
ISS (ZARYA)
1 25544U 98067A  19361.08141748 .00016717 00000-0 10270-3 0 9044
2 25544 51.6419 125.0498 0006268 72.9805 287.2031 15.49786732 5178

These two methods (LPE Method, Cowell’s Method) represent two orbit classes for which the
computation of oblate and drag is.

Table 1: The initial values of LEO satellite (ISS ZARYA)

a 6794.14 km X -6730.76239814029 km

e 0.0007343 y 898.4415337922493 km

i 51.6378" Z 10.696630262069181 km

n 172.3255° X -0.616144045818917 kmfsec
w 42.7724° i —4.716250831074117

M | 317.3997° Z 6.009083 139725322 KM/
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Table 2: Physical parameters of the earth [14, 25].

I 1082.62668355 x 107"
Ja ~2.53265648533 x 10-¢
A -1.61962159137 x 106
T'e 6378.137 km
n km?
398600 Xsecz
"o |372sx 10712 18/
H 58.515 km
B 0.044

Table 3: The orbital elements of ISS in LPE and Cowell Methods

I-TLE I _LPE Il _cowell’s Al —1I) Al — IIT)
a 6795, 14 6794.1336760 67941330107 1.0063239 1.0069892
e | 0.0006268 0.0011225 0.0007311 —0.0004957 —0.0001043
i 51.6419 51.63770908 31.6378026 0.0041001 0.0040973
0| 125.0498 120.3575371 1723254941 46022628 —47.2756941
i 72,0805 346627293 422604173 18.3177706 30.7200826
M | 287.2031 3169371120 326.6647785 —20.7340120 —0.7276664

Table (3) Shows solutions the orbital elements by using the LPE Method and Cowell’s Method. We
calculate the different between them during ten days. The column (1) is the finial TLE, the column (11) is the

result of the (LPE) and the column (I11) is the result of the (Cowell’s Method). The column ‘i"{l - H} is the

difference between TLE and result of the (LPE). The column 'f"'[l - HI} is the difference between finial TLE
and result of the (Cowell’s Method). The sub figures (1) represent the propagation of orbital elements for ISS in
ten days.

5. Conclusions

In this paper the effects of zonal harmonics (J> Up to Js) and atmospheric drag force on low satellite orbits
are studied. The equation of two body problem under pervious perturbing forces is formulated. The equations of
motion are solved by two methods which are the semi-analytical solution (Average Method) and Numerical
solution (Cowell’s Method). A program code MATHEMATICA Language is constructed to treat the solutions
(ISS). The outcome of a numerical orbit integration of Cowell's method and average Method are compared with
the orbital elements of TLE, which we found the results from Cowell’s Method more acceptable.
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Fig. 1. The variation of orbital elements for 1SS
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