British Journal of Mathematics & Computer Science
—— 6(2): 102-111, 2015, Article no.BJMCS.2015.065

Mathematics

ComputerScince ISSN: 2231-0851

SCIENCEDOMAIN international

www.sciencedomain.org SCIENCEDOMAIN

Periodic Solutions of a Time Delay Stage-structured
Prey-predator Model

Yangiu Li'*, Wei Duan? and Shujian Ma'
1 Department of Applied Mathematics, Nanjing University of Technology, Nanjing 211816, China.
2 Petro-China West-East Gas Pipeline Company, Yangzhou 225009, China.

Article Information

DOI: 10.9734/BJMCS/2015/14857

Editor(s):

(1) Sergio Serrano, Department of Applied Mathematics, University of Zaragoza, Spain.
Reviewers:

(1) Anonymous, China.

(2) Anonymous, China.

(3) Rachana Pathak, University of Lucknow, India.

Complete Peer review History:
http://www.sciencedomain.org/review-history.php?iid=732&id=6&aid=7389

Original Research Article

Received: 25 October 2014
Accepted: 25 November 2014
Published: 17 December 2014

Abstract

The dynamics of a time delay stage-structured prey-predator model is investigated. Firstly, through
the analysis of the eigenvalues, the effect of time delay on the stability of the positive equilibrium
and the existence of Hopf bifurcation are obtained. Further, the stability and the direction of Hopf
bifurcation periodic solution near the first critical value are given utilizing the normal form method
and the center manifold theorem.
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1 Introduction

The prey-predator model is a mathematical model to study the relationship between the predator and
the prey, which has attracted many scholars [1-4]. In general, we assume the individual ability is
the same in the population of prey and predator, but this assumption is often not in accord with the
fact. Because in nature, biological individual growth needs to go through a plurality of stages, such
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as juvenile, adult, the elderly, and the abilities of survival, predation and reproduction at each stage
are not the same, it is necessary to research predator-prey model with stage structure. The effect of
stage structure on the prey-predator model has been widely concerned [5-8].

[5] established the following mathematical model of two species with stage structure and proved
that the globally asymptotical stability of the positive equilibrium:

is(t) = rwa — dizs — oy — s127 — By,
i’A(t) =axry—d2Ta,
y(t) = Bryy — dsy — s2y>.

Because the reproduction of predator after predating the prey is not instantaneous, the time delay
can be introduced to denote this time. Moreover, previous researches also show that time delay has
a significant impact on stage structured prey-predator system (see [9-13]). In this paper, the model
with delay below is investigated:

iy(t) =riza —dizy —axy — s1xy — By,
za(t) = axy — daza, (1.1)
§(t) = By (t — 7)y(t — 7) — dsy — say”
subject to the following initial conditions:

z5(0) = ¢1(0) >0, 6 €[-7,0), ¢1(0) >0,
z4(0) = ¢2(0) >0,
y(g) = ¢3(0) >0, 6¢€ [77—7 0)7 ¢3(0) > 0.

Some explanations about the model are as follows:

(i) All these population are growing in a closed homogeneous environment.

(i) At any time (¢ > 0), the birth of the juveniles are proportional to the existing adult population
with proportionality constant r1; the rate of transformation of the adults is proportional to the existing
juveniles with proportionality constant «.

(iii) The death rates of the juveniles, adults and the predators are proportional to that existing juvenile,
adult and predator population with respective proportionality constants d:, d2 and ds.

(iv) The juveniles are density restricted and the predators compete among themselves for food and
hence the terms —s 2% and —s2y? in (1.1). 51 and s» are the intra-specific competition coefficients of
the prey (juvenile) and predator population respectively.

(v) The predator consumes the prey (juvenile) at the rate /3, which explains the term —gz;y in the
first equation.

(vi) All the constants, namely, 1, di, «, s1, 8, d2, d3 and s, are positive.

2 Local Stability and Hopf Bifurcation

For the boundedness and positivity of the solutions for the system (1.1), [14] has obtained the
corresponding conditions. So we don't repeat it. First, we simplify the system (1.1). Let y1 =

%xj, Yo = §:rA, Y3 = ;—zy, dt = ids and still use ¢ to indicate the time, then we have

71(t) = ays — byr — cyi — dy1ys,
92(t) = y1 — y2, (2.1)
Js(t) =it — m)ys(t —7) — eys — y3

where Ui :dyl/dt7 a:arl/dg, b= (d1+a)/d2, 6281/57 d:B/SQ, €:d3/d2.
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The system (2.1) has equilibria

—b a—0»
Eo(0,0,0), El<“c S ,0), Es (31,92, 95)
where
__a—b+de _  a—bt+de _  a—b-—ce
Y1 = C+d,y2_ C+d7y3_ C+d

When a — b > ce, E- is a positive equilibrium. The characteristic equation of its corresponding linear
system around E is

AN+ b+ e+ 1+ 2cq + (d+ 2)7s]A° + [b+ 2¢g1 + dys + (b + 2cg1 + dys)
(e +273) + e+ 273 — a]A + (b — a + 2cy1 + dys)(e + 273) (2.2)
— 1€ TN 4 (b4 14 2¢i1)A+ b —a+ 2¢i] = 0.
Refer to the eigenvalue analysis in [15] and when 7 = 0, the characteristic equation becomes
Nara+1+ceh+ 33N+ (e + (a+ 1+ (c+ d)i)Fs)A + (¢ + d) gz = 0.

Because a+1+cgi+7s > 0, (c+d)j17s > 0, (a+14+cg1+7s3)(cir+(a+14+(c+d)71)ys) — (c+d)g1ys >
0, according to Routh-Hurwitz theorem, all the eigenvalues have negative real parts.
When 7 # 0, let A = fiw (w > 0) be roots of Eq. (2.2), then w satisfies
W’ + (i = 2p2 — qi)w" + (P3 — 2p1ps + 20105 — @3 )w” + (ps — gs)(ps +q3) =0 (2.3)
where
p1=b+e+14+2ch + (d+2)7s,
p2 = b+ 2cy1 + dys + (b+ 2cg1 + dys)(e + 273) + e + 2¥3 — a,
p3s = (b—a+2cy1 + dys)(e + 293),
Q= -y,
g2 = —y1(b+ 1+ 2cy),
g3 = 7@1(() —a+ 26@1).
It is easy to prove that
Pt —2p2 — ¢; = (4+d*)75 + 2(2e + bd) s + 4bc + 4edfi Gz + € +b° +2a+1>0
and
p3 —q3 = (e +2¥3)dys + (e + 23 + §1)(b+ 2ch1 — a) > (e + 2y3)dys + (e + 2ys + §1)(ce + 2cy1) > 0,
so Eq. (2.3) has a positive root wg when p3 + g3 < 0. Then
2 2 2 2
7 = - [arccos (1 qs)gp;w p33+q2w2 (p2 — w”)
wo w?q3 + (q1w? — gs)
Let A = a(1) +iw(T) be the root of Eq. (2.2) satisfying a(7;) = 0 and w(7;) = wo. [14] has proved
da >0, j=0,1,2,--.
dr

T=Tj

+2j7T]7 j:071727“'

To sum up, we can get the stability of the positive equilibrium E2 and the existence of Hopf
bifurcation.

Theorem 2.1 Suppose a — b > ce and ps + g3 < 0.
(i) E- is asymptotically stable for 7 € [0, 7o) and unstable for r € (19, +00);
(i) System (1.1) undergoes Hopf bifurcation at the positive equilibrium E; when 7 = 7;, j =
0,1,2,
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3 Direction and Stability of Hopf Bifurcation

We first rescale the time by ¢ — ¢/7 to normalize the delay and translate E- to zero equilibrium so
that system (2.1) can be written as the form
1(t) = 7la(yz + B2) — b(yr + 71) — c(yr + 1) — d(yr + 51) (s + 73)],
92(t) = 7l(yr + 1) — (y2 + 52)], (3.1)
Ga(t) = 7[(yi(t = 1) + 1) (ys(t — 1) + 73) — e(ys + 73) — (y3 + ¥3)°].
Let 7 =79 4+ u, p € R. Then p = 0 is the critical value of Hopf bifurcation for Eq. (3.1).

Notating C = C(]—1, 0], R?), by Riesz representation theorem, there exists a matrix whose
components are bounded variation functions (6, 1) (—1 < 6 < 0) such that

=[}mem

where
—b — 2cy1 — dys a —dj 0 0 O
0 0 —e—27y3 ys 0
(10 + p1)A 6=0
77(0’/1‘) = 0, 0e (_11 0)7
(1o + n)B 0=-1
Denote
—cjp 0 0 0 —dys 0\ [¢1(0)p2(0)
Flup)=(mo+m) | 0 0 0 |0 +(m+p) |0 0 0] [¢i(0)es(0)
0 0 -3 0 0 0/ \p2(0)3(0)
0 0 0) <¢1(—1)¢2(—1)>
+(ro+p) [0 0 of [ei(=1)es(-1)
0 % 0/ \pa(-1)eps(-1)
For p € C*([-1 ), define
de(0)/do, 0 € [-1, 0),
A =
()2 {fﬂmwmwm,e:m
0, 0 e [_17 O)a
R =
() {F(M,SO), g0,
Eqg. (3.1) can be written as
e = A(p)ue + R(p)ue, (3.2)

where u = (y1, ¥, y3)” and us = u(t +0), 6 € [—1, 0].
For v € C*([0, 1], R?), define

o fd(s) /s, se (0, 1)
Als) = {f"l dn(t,0)0(—t), s=0.

For ¢ € C*([-1, 0], R*) and v € C*([0, 1], R?), define the bilinear form

(W, 0) = B(0 / ww& 0)dn(0)(€)dé
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where 7(6) = n(8,0). Then A* and A(0) are adjoint operators, and +itowo are eigenvalues of A(0).
Thus, they are also eigenvalues of A™.

Let ¢(9), ¢" (s) satisfying (¢*,q) = 1 and (¢*,3) = 0 be eigenvectors of A, A* corresponding to
iTowo and —itowo, respectively. By direct computation, we obtain that

dij1 _
q(0) = dy1 (1 + iwo) e’
a — (b+ 2cy1 + dys + iwo) (1 + iwo)

q"(s) = D(ags, §3(1 —iwo), (b+ 2¢y1 + dijs — iwo) (1 — iwp) — a)e™“0*
where
D ={dijg3[r0((b + 2¢1 + dijs — iwo)(1 — iwo) — a)e“°™ + a + (1 — iwp)?]
— ((b+2cg1 + dgs — iwo) (1 — iwn) — a)*(1 + Togre“ ™)} L.
Using the same notation as in [16], define
2(t) = (¢",ue), w(t, 0) = ue(0) — 2Re{z(t)q(0)}.
On the center manifold Cy, we have
w(t,0) = w(z(t), 2(2), 0),

where

2 =2
z z
w(z(t), 2(2), 0) = w20(0) - +wi1(6)22 + wo2(0) 5 + -+
z and z are local coordinates for the center manifold Cy in the direction of ¢* and ¢*. Notice that w is

real if u, is real. We only consider real solutions. Since x = 0, we have

2(t) = itowoz + (¢" (s), £(0,w + 2Re{z(t)q(6)})
= itowoz + ¢*(0) f(0,w(z, z,0) + 2Re{z(t)q(0)}) (3.3)
= irowoz(t) + ¢*(0) fo(z, 2)
for solution u; € Co. We rewrite this as
2(t) = irowoz(t) + g(z, 2), (3.4)
where
2?2 72 22z
fO(ZVE):sz?—’_fZQE+f2222+.fz227+“'3 (35)
9(2,2) =¢*(0) f(0,w(z, Z,0) + 2Re{z(t)q(0)})
2 ) 52 25 (3.6)
79205 + g1122 +902? + 9217 + e
Comparing the coefficients of Eq. (3.3) and Eq. (3.4), noticing Eq. (3.6), we have

By
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then

dy1 .
ut(0) = dijn (1 + iwo) €000 (1)
a— (b + 2cy1 + d:ljg —+ in)(l + iwo)

dy1 )
+ dij1 (1 — iwo) e~ 0wl Z(¢)
a— (b4 2cy1 + dys — iw)(1 — iwo)

2 =2
+ w20(9)5 + w11(0)2Z + ’LU()Q(H)% 4o

where w;; (0) = (w; (0), w? (0), w?; (6))".

By
—cy
fo =70 0
0

0
0

vfo o oo o
coco
\_/

€ €

= = ﬁm
- =

(.

[RG
==

€ €

w N

“ =

(.
[N
2=
v

we have
920 = — 270 D[ (0)(cy147 (0) + dyizq1(0)gs(0)) + g5 (0)(y3q5 (0)
1

- 5??3%( gz (=1))],

)
g =—1oDlgi (0)(26y1q1( )@1(0) + dgaq1(0)g3(0) + dgiags(0)q1 (0)) + g5 (0)
(2343(0) 3(0)—*y3Q1( 1)@3(—1)—%?3%( Da(-1))],

go2 = — 270 D[ (0)(ct1 7 (0) + difaq1 (0)gs(0)) + ¢ (0) (73 (0)
1

- 5173@1(_1)53(_1))}7

g21 = — 270 D[q% (0) (71 71 (0)w3o (0) + 2¢71¢1 (0)wi1 (0) + dFsqr (0)wiy (0)

+ 9200 (0) + L (0)who(0) + dgas (0w} 0))

+ G5 (0) (s (030 (0) + 25 (O)s (0) + L aa (1w (-1)

+ %Cﬁ(*l)wgo(*l) + fq3(71)w%0(71) + §3Q3(71)w%1(71))]

where

; i 0 P —iT 0
ig20q(0)e'0«0 N ig20q(0)e~"70%0 Byt

0) =
w20( ) ToWwWo 37’0&)0

i 0 iTowo0 ig11a(0 —iTowo0
g119(0)e + g114(0)e 1B

w11(9) = —
Towo TowWo

E,, E, satisfy the following equations, respectively.

0 .
2itowold — [ €*™“0%dn(0)]E1 = f.e,
-1
0

) dW(Q)E2 = —faz.
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Define

~ lgoz|?
3

g
)+ 22,

i
C1(0) = m(gugzo - 2|g11|?

~ ReC(0)
Re(g% ‘A:iwo,T:To)
,82 = 2ReCl (0)

po =

)

Because Re(g—jh:iwoﬁ:m) > 0, the following conclusion is right.

Theorem 3.1 Suppose a — b > ce and ps + g3 < 0. If B2 < 0 (> 0), then bifurcating periodic
solution of system (1.1) at F>, when 7 = 7 is orbitally asymptotically stable (unstable), and the
direction of the bifurcation is supercritical (subcritical).

4 Numerical Simulations

Choosingr1 =7, di =1, d2 =0.9, d3s = 0.7, «a =2, = 1.5, s1 = 0.2 and s2 = 0.8, system (1.1)
can be expressed as follows:

iy(t) =Tea — s — 225 — 0.205 — 1.5z,
iA(t):2xJ70.9xA, (4.1)
g(t) = 1.5z5(t — )yt — 7) — 0.7y — 0.8y

Then a — b — ce = 13.8469 > 0 and ps + g3 = —44.0030 < 0. The conditions are satisfied and
To = 7.4421.

By Theorem 2.1, the positive equilibrium (7.6725, 7.6725, 6.8947) of system (4.1) is asymptotically
stable when 7 < 7.4421 and unstable when 7 > 7.4421 (see Figure 1 at 7 = 5).

Using the formula of 82, we can obtain 82 = —0.5254 at 7 = 7.4421, respectively. By Theorem
3.1, system (4.1) has a orbitally asymptotically stable periodic solution near 7. Then the direction of
the bifurcation at 7 is supercritical. As shown in Figure 2 at 7 = 8.

5 Conclusions

In this paper, we investigate the Hopf bifurcation of a time delay stage-structured prey-predator model.
Using the normal form method for functional differential equations (FDEs) and the center manifold
theory in [16], we have obtained the properties of Hopf bifurcation.

The previous results have shown that the positive equilibrium of system (1.1) is globally asympto-
tically stable when the time delay = = 0. Our discussions indicate that the existence of time delay can
make the stability of equilibrium change, and the periodic solutions appear at some critical values.
From the perspective of dynamics, the solutions of system have changed significantly and the system
presents complex behavior. In addition, the results indicate the population of one species does not
change infinitely as another species varies, and there are restrictions between them.
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Figure 1. The positive equilibrium (7.6725, 7.6725, 6.8947) of system (5.1) is
asymptotically stable when 7 =5 < 79 = 7.4421.
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Figure 2. Numerical simulations of a periodic solution to system (5.1) when
T=8> 19 = 7.4421.
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