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Abstract

In this paper, we introduce the notiongf-metric space and to study its basic topological properties| We
prove some fixed point theorems under different contractighexpansion type conditions in the setting
of A,-metric space and partially orderdg-metric space.Our results generalize and extend vafious
results in the existing literature.

Keywords:A,-metric space; contractive mapping; expansive mapping; fixed.point

1 Introduction

Most of the generalizations for metric fixed point theros usually start from Banach contraction principle
[1]. It is not easy to point out all the generalizatiohth principle. The study of expansive mappings is very
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interesting research area of fixed point theory. In 198dnd\et al. [2] introduced the concept of expanding
mappings and proved some fixed point theorems in complete rmpades. In 1992, Daffer and Kaneko [3]
defined an expanding condition for a pair of mappings and proved som@on fixed point theorems for
two mappings in complete metric spaces. In 1989, Bakhtim{#jduced the concept of a b-metric space as a
generalization of metric spaces, in which many resessdheated the fixed point theory. In 1993, Czerwik
[5-6] extended many results related to the b-metric sparel994, Matthews [7] introduced the concept of
partial metric space in which the self distance of anptpaf space may not be zero. In 2013, Shukla [8]
generalized both the concept of b-metric and partial mgpaces by introducing the partial b-metric spaces.
Gahler [9] claimed that 2-metric space is a generalizatfoan ordinary metric space. He mentioned in [9]
thatd(x, y, z) geometrically represents the area of a triangle édrfoy the points,y,z € X as its vertices.
On the other hand, Ha et. §10] and Sharma [11] found some mathematical flaws inetledsms. It was
demonstrated in [11] thak(x,y,z) does not always represent the area of a trianglaefdrby the points
x,y,z € X. Ha et al [10] proved that the 2-metric is not sequentially continuiousach of its arguments
whereas an ordinary metric satisfies this property.

In order to carry out meaningful studies of fixed point tssiDhage [13] suggested an improvement in the
basic structure of 2-metric space. In 1984, Dhage in his RheBis [13] identified condition second as a
weakness in Gahler's theory of a 2-metric space. Tocowag these problems, he then introduced the
concept of e&d-metric space. Dhage [14] then studied topological prigggedf D-metric space in a series of
papers. Naidu et a]15] proved that the concepts of convergent sequences and sequanttiality are not
well defined inD-metric spaces. Naidu et §16] pointed out some drawbacks in the idea of open lvalls
metric space. In 2003, Mustafa and Sims [17] identifiettdoon third as a weakness in Dhage’s theory of
D-metric space. The tetrahedral inequalityDirmetric has been replaced with the prototypical rectangular
inequality adopted by Mustafa and Sims [18] in 2006 and intrattite notion ofG-metric space and
suggested an important generalization of metric space. &gheaij al. [19] introduced,-metric space and
established common fixed point of generalized weak conteactiapping in partially ordere@,-metric
spaces.

Sedghi et al. [20] have introduc@&d-metric spaces which is a probable modification of thend&fn of D-
metric spaces introduced by Dhage [13] and proved some firagierties inD*-metric spaces, (see [21]).
Every G-metric space is B*-metric space. The converse, however, is false in gerab*-metric space is
not necessarily &-metric space. Sedghi et al. [22] identified condition thifdhe G-metric space as a
peculiar limitation but classified the symmetry conditiamaacommon weakness of bdi andD*-metric
spaces. To overcome these difficulties, Sedghi et a.if@@duced a new generalized metric space called
an Smetric space.The S-metric space is a space with thimeensions. Sedghi et al. [22] asserted that every
G-metric is an S-metric, see [22, Remarks 1.3] and [2}dRks 2.2]. The Example 2.1 and Example 2.2 of
Dung et al. [12] shows that this assertion is not caridotreover, the class of all S-metrics and the class of
all G-metrics are distinct. Souayah et al. [23] hawsoduced $metric space and established some fixed
point theorems.Very recently, Abbas et al. [24] introduced nlodon of A-metric space, which
generalization of th& metric space.

In this paper, we introduce the notionAf-metric space and to study its basic topological propeities.
also prove some fixed point theorems under different contraetimh expansion type conditions in the

setting of 4,-metric space and partially orderdg-metric space. Some examples are presented to support
the results proved herein. Our results generalize anddexgeious results in the existing literature.

2 Preliminaries

In 2015, Abbas et al. [24] introduced the notiomahetric space.

Definition 2.1 (see [24]) LetX be a nonempty set. A mappiAgX™ — [0,+x) is called am-metric onX if
and only if for allx;, a € X,i = 1,2,3,..n: the following conditions hold:
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(AL). A(xq,x3,%X3, e, Xp_1, %) = 0,

(A2). A(xq1,X9, X3, s, Xp_q, %) = 0ifand only ifx; = x, =+ = x,,_1 = xp,
(A3).  A(xy, Xz, X3, e, X1, %) < Ay, X1, X, e, () poq, @)

FA(x,, x5, X0, e, (X)) o1, @)

+A(x3, %3, %3, v, (X3)pnoq, @) + =

+AGn-1, Xn-1, Xn-1) w0, (Xn—1)n-1, @)

F+AQe,, Xp, X, e (o, @)
The pair(X, A) is called am-metric space.
The following is the intuitive geometric example fbimetric spaces.

Example 2.2(see [24]) LetX = [1,+) . Defined: X™ — [0,4x) by

n
AQxy, X5, X3y ooy Xpq, Xp) = Z Z |xl- — xj|
i=14=di<j

forallx; € X,i =1,2,..n.
Example 2.3(see [24]) Let= R . Defined,: X™ — [0,+x) by

Ap (X1, X2, X35 e s, X1, %) = |22, % — (n — Vx|

T — (n = 2)x,| + -
+|Z111:_1$ xXi — 3xn—3|
+| 111:_13 X; — an—zl
+|xn - xn—ll

forallx; € X,i =1,2,..n.

Lemma 2.4(see [24]) Let(X, A) be anA-metric space. Then for all y € X,

Ap(,%,%,%, 0, e, ¥) = A (0,9, 9,V o, pog, X)

Lemma 2.5(see [24]) Let(X, A) be anA-metric space. Then for all y,z € X,

Ay, 2,%,%, 0, (D p_1,2) < (m— DA, 0, x, %, %, v, () -1, Y)
+4,(2,2,2,2, ..., @D p-1,¥)

and

Ap O, x,%,%, 00, (0)p—1,2) < (n— DAL G, x, 2, %, o, ()1, V)
+Ab(y'y!y!y! E] (J/)n—pz)

Lemma 2.6 (see [24]) Let(X, A) be and-metric space. ThefX x X,D,) is anA-metric space oA X X,
whereD, is given by for alk;, y; € X,i,j = 1,2,..,m:

DA((xllyl)r (xZ' yZ)' (xS' yS)' L (Xn, yn)) = A(xlerIxS' e ,Xn) + A(yll V2, Y35 wee ;yn)-
Definition 2.7 (see [24]) Let(X, A) be an4A-metric space. Then

1. Asequencéx,} is called convergent toin (X, A) if

limy 400 A(X, Xis X1y Xs o« (X3 ) =1, %) = 0.
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That is, for eacle > 0, there exists, € N such that for alk > n,, we have

AQ, X, Xy Xgy o (X -1, X) < €

and we writdim,,_,,, x;, = x.

2. Asequencéx,} is called Cauchy ifX, A) if

limk’m_)+oo AQXy, Xpey Xpey Xper -« (X dn—1, Xm) = 0.

That is, for eacls > 0, there exists, € N such that for alk, m > n,, we have

A(xkr Xior Xig» Xy (xk)n—ll Xm) <e.

3. (X,A) is said to be complete if every Cauchy sequenc¢# i) is a convergent.

Lemma 2.8 (see [24]) Let(X, A) be and-metric space. If the sequenog,} in X converges ta, thenx is

unique.

Lemma 2.9(see [24]) Every convergent sequencd-imetric spac€X, A) is a Cauchy sequence.

3 A,-Metric Space

We now present the concept of &4grmetric space and study some of its properties neadibe isequel.

Definition 3.1 Let X be a nonempty set ard> 1 be a given real number. A mappiAg: X" — [0,4x) is
called an4,-metric onX if and only if for allx;, a € X,i = 1,2,3,..n: the following conditions hold:

(Abl). Ap(xq, x5, x3, ...
(Ab2). Ap(xq, x5, X3, ...
(Ab3). Ap(xq, x5, X3, ...

P Xp—1,Xp) = 0;

The pair(X, 4,) is called ad,-metric space.

HXn_nXp) =0ifandonly ifx; = x, = = x,_1 = Xp;
, Xno1,Xn) < S[Ap(xq, %1, Xy, ..
+A4, (x5, x5, %5, ..
+A, (x5, x3, X3, ...
+Ab (xn—lr Xn-10Xn—1 -
+A, (X, Xp, X, oo

" (xl)n—lr a)

cor (X2)n-1, @)

i (xS)n—lr a) + e

i (xn—l)n—lr a)

L] (xn)n—lﬁ a)]

Note that the class df,-metric spaces is larger than the clasd-ohetric spaces. Indeed, evetymetric
space is ad,-metric space witk = 1. However, the converse is not always true. Mgeametric space is
ann-dimensionalS,-metric space. Therefore tl§g-metric are special cases of &grmetric withn = 3.

The following is the intuitive geometric example #yy-metric spaces.

Example 3.2Let = [1,+x) . Defined,: X™ — [0,+x) by

n
2
Ap (X1, X2, X3, cen vy X1, Xp) = z z |xl- - xj|
i=14=di<j

forallx; € X,i =1,2,..n.

Proof: Obviously (Abl) and (Ab2) are satisfied. We shall show, thu allx;, a € X,i = 1,2, ...n, (Ab3) is

valid. Note that



Ughade et al. BJIMCS, 19(6): 1-24, 2016; Article no.BJMCS.29828

Ab (xllxlrxlr ey (xl)n—lf a) = (n - 1)lxl - alZ'
Ap (X3, %2, X3, e, (X)p—g,0) = (n = Dx, — al?,
Ap(x3, %3, %3, ., (X3)p—1, Q) = (n—1Dlxs - al?

Ab(xn—lrxn—lrxn—lr ey (xn—l)n—l: a)=m- 1)lxn—l —al®.
Ab (xn,xn, Xy eeees (xn)n—ll a) = (n - 1)|xn - alZ

forall x;,a € X,i = 1,2, ..n.

Now

2
Ab(xler'xSI 'rxn—lrxn) = Z?:l Zi<j|xi - x]l

= Z?=1Zi<j|(xi —a)— (xj - a)|2

<{2m—-1D|x; —al®>+ 2|x, —al®* + 2|x3 —a|? + -
+2|x, —al?’} + {2(n — 2)|x, — al? +2|x3 —al® + -
+2|x, —al?} + {2(n — 3)|x3 — al? +2|x, — al|®* + -
+2lx, — al’} + - + 2|2y, — al? +2|x_; — al?
+2|x, — al?} + 2|x,_1 — al?® + 2|x,, — al?
=2m—1Dx; —al*+2(n—-D|x, —al? + -

+2(n = Dlxy_q —al®> +2(n — D|x,, — al?

= 2[Ap (g, %1, 24, o, (¥po1, @)

+Ab (XZ: X2, X2y wenes (xz)n—p a)

+A4p (x3,x3, X3, .., (X3)p-1, @) + +
+Ap (tn—1, Xp—1, Xn—1, e, Cn_1)n-1, @)

+Ab (xn: xn: xn: ey (xn)n—lr a)]
forallx;,a € X,i = 1,2,...n. Therefore(X, A,) is and,-metric space witlh =2 > 1.
Example 3.3Let = R. Defined,: X™ — [0,+x)by
Ab (xlle'x3r 'rxn—lrxn) = |Zi2:n Xi — (n - 1)X1 |22
o — (= 2)xy | + -
_ 2
+|Z111:r? Xi — 3xn—3|

— 2
+| {l:r% Xi — 2xn—2|
+|xn - xn—llz

forallx; € X,i =1,2,..n.

Proof: Clearly conditions (Abl) and (Ab2) are satisfied.We skhtw that, for alk;,a € X,i = 1,2, ...n,
(Ab3) is valid. Note that

Ap(xq, %1, %1, ey (XD pog,a) = (n = D]a — x1|2,
Ap (X, X3, Xz, e, (X2)po1,0) = (0 — 1D)]a — x,|?,
Ab§x3,x3,x3, ey (X))o, @) = (n— 1)]a — x3]?

Ap (X1, Xno1, Xy o, (oo, @) = (n = D]a — x4 |?
Ap (X, X, Xy ooy (), @) = (R — 1)]a — xnlz

forallx;,a € X,i =1,2,...n.

Now
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Ap(xX1, X2, X3y eee ey X1, X)) = |22, (i —a) — (n — D(x; — a)|?
H2E o —a) — (n—2)(xr, — )| + -
+H[ZI200 — @) = 30tn-s — )|
+HX (i — @) = 2(xp—, — a)|?
+|(xn —a)— (xn—l - a)lZ
<2¥Elx —al? +2(n - Dlx; —al?
+2%3 lxi—al?>+2(n—2)|x, —al? + -
+2 3757 0x — al® + 2(3) x5 — al?
+2 X050 % = al® + 2(2) |xp—, — al?
+2|x, — a|? + 2|x,_; — al?
=2lx, —al®> + 2|x,_; —al? + -+ 2|x, — al?
+2(n — Dlx; — al® + 2|x, — al® + 2|x,_, — a|?
+ 4 2|x3 —al*+ 2(n — 2)|x; —al® + -
+2]x, = al?* + 2|x1 — al* + 2(3) | x5 — al?
+xp, = al® + |xp—q — al® + 2(2) |x,—, — al?
+2|x, — al® + 2|x,_; — al?
=2m—-1|x, —al®> +2(n - D|x,_, — al?
+2(n — Dlxyy —al®> + -
+2(n— Dlx3 —al?* + 2(n — 1)|x, — al?
+2(n — D|x; — al?
=2(n-D{lx; —al® + |x; — al* + - + |x, — a|?}

= 2[4, (xq, %1, X1, e e, (X1)p—1, @)

+Ap, (x2, %2, %2, e, (X2) -1, @)

+Ab (xS' X3, X3 eeee,y (xs)n—L a) + e
+Ap (Xn—1, Xn—1, Xn—1, o) (Xn—1)n-1, @)
+Ab (xnrxn' Xny ey (xn)n—lr a)]

forall x;,a € X,i = 1,2, ...n. Therefore(X, 4,) is and,-metric space witls = 2 > 1.
Lemma 3.4Let (X, A;) be and,-metric space witlk > 1. Then for allx,y € X,

Ab(xr X, %, %)y ey (x)n—ll Y) < SAb(y'y' y'y ety (Y)n—lr x)

Proof For allx,y € X, applying (Ab3), we have

ApCe,x, %, ey (-1, ) < s[Ap G, x, %, % e, (X)) 1, X)
+A, 00,2, % s, () o1, X)
F+A, 00, %,% e, (X pog, x) + -
+(Ap Ge, %, %, % v, (o1, x))n_1
+4, 30,3, 9,Y oty Pn-1,%)]
=54,y 7,9, Y o n-1,%)

Lemma 3.5Let (X, 4;,) be and,-metric space witlk > 1. Then for allx, y, z € X,

Ay, x,%,%, e, ()p-1,2) S s[(n— DA, 0, x,%,%, e, () —1, V)
+4,(2,2,2,2, ...,(2)n-1, )]

and
Ap e, 2, %, %, o, (o1, 2) < s[(m— DA, 0, x, %, %, v, ()21, V)
+54 0,2, 7,9, o V-1, 2)]

Proof For allx, y, z € X, applying (Ab3), we have



Ughade et al. BJIMCS, 19(6): 1-24, 2016; Article no.BJMCS.29828

ApCe,x, %, e, () n-1,2) < s[Ap (6%, %,% oo, ()1, Y)

+A,00,%,%,% o, () p_1,Y)

+A, (6, %, %, % e, (g, y) + oo
+(4, 00, %, %, x ., (x)n_l,y))n_1
+A4,(2,2,2,2Z ..., (Z)p-1,¥)]
=s[(n— DA, (x,%,%,%, ., (X)p_1,¥)
+4,(2,2,2,2, ..., (2)n-1,¥)]

which implies that

Ap(x, %, %,%, ..., (-1, 2) < s[(n — DA, x,6,%, 0, (X n_1,Y)
+4,(2,2,2,2, ..., (Z)p-1, V)]

Using Lemma 3.4, we have

Ay, x,%,%, o, ()p-1,2) < s[(n— DA, 0%, %, %, e, () —1, V)
+SAb(yry'y'y' e (y)n—lrz)]-

Lemma 3.6 Let (X,4,) be anA,-metric space withk > 1. Then(X X X,D,,) is an4,-metric space
withs >1o0onX x X, WhereDAb is given by for alk;, y; € X,i,j = 1,2, ..., n:

DAb((xll yl)r (x2; yZ)r (X3, yS)r ) (xnr yn)) = Ab(xlerIxSI e ,Xn) + Ab (ylr V2, Y35 oo 'yn)-
Proof For allx;, y; € X,i,j = 1,2,...,n; we have

Ab(xler'xS' -:xn) + Ab()’p}’z'ys' "yn) =0
= DAb((xlr )’1); (xZ! }’z); (X3, J/3), ey (xn! yn)) 2 0

Also
DAb ((xlr yl)' (xZ' yZ)' (xS' yS)' L] (xnr yn)) =0
And Ab(xll X2, X3, ""rxn) + Ab(yllyZ'ySI ----:yn) =0
< Ab(xlerIxSI ""'xn) =0 andAb(yl,y2;}73; ""'yn) =0
S X =x=x3=-=x,andy; =y, =y; ==y,
© (x1,71) = (x2,¥2) = (x3,¥3) = = = (Xn, Yn)-
Consider

DAb((xl! yl): (xZ! yZ); (X3, y3)! ey (xn! yn))
= Ap(x1, X2, X3, v, X)) + Ap (Y1, Y2, V30 o0 0) V)
< s[Ap (ey, x4, %1, ey (01, @) + Ap (X2, X2, X5, e, (X2) o1, @)
+A, (x5, %3, %3, eer, (X3) 1, @) + -+
+Ab(xn—1' xn—ll xn—lr ey (xn—l)n—l: a)+Ab (xnr xnr xnr ey (xn)n—l: a)]
+s[Apy V1, Y1, Y15 s D)1, B) + Ay (Y2, V2, V2o ooy (V2 )ne1, )
+Ap (Y3, Y3, Y30 oo s V3)p—1, B) + -+
+Ab(yn—1! Yn-1Yn—1s s (yn—l)n—l’ b)+Ab(yn! Yo Vs v es (yn)n—lr b)]
= 5[Ap (xy, X1, %1, ooy (D1, @) + Ay (Y1, Y1, Y15 oo (V1 n—1, b))
+5[Ap (X2, %2, %2, oo, (021, @) + Ap (Y2, Y2, V20 oo o V2D m—1, b)]
+5[Ap (%3, %3, %3, oo, (X3)n-1, @) + Ap(¥3, Y3, V35 oo o» V3 ) =1, D) + -
+S[Ab(xn—lr Xp—1ss ey (xn—l)n—ll a) + Ab (yn—lr Yn—1ss s (yn—l)n—li b)]
+S[Ab(xnr Xns Xy veees (xn)n—lr a) + Ap (yn! Yo Yns v ey (yn)n—lr b)]
= S[DAb ((x1:)’1), G,y (e, 1), s (@ b))
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+Dy, ((erYZ), (x2,¥2), (x2,¥2), -, (@, b)) +
+D4, (e ¥1)s G Yi)s Gy Y, v, (@, b))

Thus,

DAb((x1:3’1); (x2,¥2), (X3, ¥3), oor s (X, Yn)) < S[DAI7 ((xlryl): (e, y1), e y1)s s (@ b))
+DAb((x2’J’z). (x2,¥2), (x2,¥2), ..., (a, b)) + -
+DAb((le' y‘l’l)l (xn' yn); (x‘n' yn): "t (a! b))]

Hence(X x X, Dy, ) is and,-metric space witls > 1 onX x X.
Remark 3.7
(a). If we puts = 1, then we have
DA((xl!yl): (x2,¥2), (x3,¥3), v, (xn!yn)) = A(x1, X2, X3, e, X)) + AV1, Y20 V30 o0e s Vi)
Then(X x X, D,) is anA-metric space o X X.

(b). If we putn = 3, then we have
DAb((x1:)’1), (x2,¥2), (x3’Y3)) = Sp(x1,%2,%3) + Sp (Y1, Y2, ¥3)
Then(X X X, D,, ) is anS,-metric space o X X.

(c). If we putn = 3,s = 1, then we have

DA((XL)’O: (x2,¥2), (xs:Y3)) = S(x1, %2, %3) + S(V1, ¥2,¥3)
Ther{X x X,D,) is anS-metric space oX x X.
Note also that the following implications hold.
G-metric space= D*-metric space = S-metric space = A-metric space
Gb-metl:ic space = Sb-metrilé space = Ab-meliric space
Definition 3.8 Let (X, 4,, s) be ad,-metric space. Then
(1). A sequencéx; } is called convergent toin (X, Ap) if limy_ o Ap Ok, X, Xi) Xps - -+ ) (X )1, X) =
0 .That is, for eache >0, there existsn, € such that for allk>n, we have

Ap e, Xy Xpey Xge, -« (X )n—1, x) < € and we writdimy,_, ., x; = x.

(2). A sequencdx,} is called Cauchy ifX,A,) if limy ;10 Ap (O, Xk, Xg, Xpes -« (X ) =1, %) = 0.
That is, for eache =0, there existsn, € N such that for allk,m>n, we have
Ap (X, Xpes Xy Xy - (g dn—1, X)) < €.

(3). (X, 4,) is said to be complete if every Cauchy sequenc#,id, )is a convergent.

Lemma 3.9Let (X, A,) be and,-metric space witlk > 1. If the sequencéx,} in X converges ta, thenx
is unique.
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Proof On the contrary, assume tat} converges ta andy. Then givere > 0,there existr;,n, € N such
that for allk > n,, we have

€
Ap (s Xy Xjey X - LX) <
b (Xper Xpeo Xy Xy - (X ) =1, X) 252(n—1)

and for allk > n,, we have

€
Ap Qg Xp, Xpes Xpey . (Xp )1, ¥) < 257"

Choosen, = max{n,, n,}, therefore for alk > n,, we have

Ap (6,2, %,% e, )1, ¥) < s[Ap (e, 2,2, % s, () n—q, X)
+A, 00,2, %, % o, ()1, X)
+A, 00,2, %, % o, () peq, X)) +
+(Ab(x, X,%,% e, ()1, xk))n—l
+Ab(y!y!y!y! ey (y)‘n—llxk)]
=sn— DA, (x,x,%,% e, (X p_1, Xi)
+54y (¥, Y. 9,9, s i1, %)

Hence from Lemma 3.4, we have

Ap(,%,%,% o, (e, ¥) < 52(n— DA, (s Xper Xir Xper w0y (X n—1, X)
+52Ap (X, Xper Xy Xper v (K dn=1,¥)
200 _ € 2 €
<s’(n—-1)x 22D +5% X

= E.

Sincee is arbitrary, we havd, (x,x,x,x ..., (x),—1,¥) = 0 and sox = y. Establishing the uniqueness of

{x}-
Lemma 3.10Every convergent sequencedp-metric spacé€X, 4,) is a Cauchy sequence.

Proof Let{x,} be convergent ifX, 4,). Letlim,_,,,, x;, = x. Then givere > 0, there existi;,n, € N such
that for allk > n,, we have

Ap (e, Xy Xpe Xy - (g -1, %) < 25(716——1)
and for allm > n,, we have
Ap Xy Xy X X+ g )1, X) < z_Es
Choosen, = max{n,, n,}, therefore for alk, m = n,, we have

Ap Ops Xy Xper Xy« « (X1, Xm) < s — DAy (e, Xpey Xy Xy - - (g dm—1, %)

+sApm, X, xme, Xy ven oy (xem)"_l' x)
<S(7’L—1)Xm+$x;
=e.

This implies tha{x,} is a Cauchy sequence.

Lemma 3.11Let (X, 4,) be and,-metric space witls > 1. If lim;_,,, X, = x andlim,_, yx = y, then
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1 : .
S_zAb e, x,2,%, .. () poy,y) < limgyooinf Ay (X, X, X, Xis -+ - (X ) et Yie)

< limy_, oo S5up Ap (X, X Xies Xies - - (i dn—1, Vi)
<s24,06%,%,%,..(X)p1,)

In particular, ify, = y is constant, then

1
S_zAb(x: X, %, X5 (x)n—l! J/) < kngianb (xk' Xi» Xjer Xy v o+ (xk)n—lﬁ y)

< limy_, yoSuUp Ap O, Xio Xir Xier - o+ (X1, V)
< s2A,0x,%,%,%,.. (X)p_1,¥)

Proof Using (Ab3), we have

Ay, x,%,%,. . (D)o, y) <stn — DAL G, x, 2, %, 00 () o1, Xi)
+SAb(yry'y'y"' (}’)n—pxk)
< stm— DA, 0o, x,x,%, .0 ()1, Xi)
+s2(m = DA,G, Y5, Y, - D1, Vi)
+5%Ap (X Xies Xpes Xper - - (Xi )1, Vie)
< s2(n — 1A, (g, Xpe, X X - (X ) p—1, X)
+53(n — DA, Wi, Vi Vie Yier -- i) n-1,Y)
+52 Ay (Xpes Xy Xy Xies - (Xge) =1, Vie)

On the other hand, we have

Ap O Xpes Xpes Xper - i dn—1, Vi) < s — 1) A (Xks Xis Xy Xis -+ (Xp ) p—1, X)
+54 ks Yior Yior Vi - Vi dn—1,%)
< s(n — 1Ay Oy, X, Xpe, Xy - - (X )1, %)
+52(n = VA, W Yio Vi Yier - Oidn-1, )
+52A4, (%, %, %, %, .. (X) 1, V)

Taking the lower limit ag — +oo, in the first inequality and the upper limit &s»> +oo in the second
inequality we obtain

1 . .
s_zAb ,x,x,%, 0. () p_1,y) < limy_ooinf Ap (X, X1, Xio Xir - (K ne1, Vi)

< limy 4 oSup Ap (X, Xy Xy Xper -+ - (X In—1, Vic)
< s2A,06,%,%,%,.. () p1,)

If y, =y, then using (Ab3), we have

ApCe,x,x,%, 00, ()1, y) < s(n— DA, x, %, %, vy ()21, X5)
+s4, 3,3, 3,9, s D1, xi)
< s2(n — DA, (g, Xy Xpey ooy (X ) p—1, X)
+52 A (X, Xpes Xies ooy K n=1, )

On the other hand, we have

Ap O Xpes Xpes Xy v ooy (i) n—1,¥) < s — D Ap (X, Xy Xis Xpes -+, (X I =1, %)
+s4,0, 3,3, Y, o, D1, %)
< s(n — 1Ay g, X, Xpey Xy -+ (Xpe -1, X)
+52A4, (6, %, %, o, () =1, Y)

Taking the lower limit ag — +oo, in the first inequality and the upper limit &s»> +oo in the second
inequality we obtain

10
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1 , .

S_zAb %%, () p_1,y) < limy_ oinf Ay (X, Xk, Xi, Xis - (k) m=1,¥)
< limy, oo SUp Ap (X, Xy X, Xy - -« X1, )
< s24,06,%,%,%,.. ()1, y)

Definition 3.12 The A, -metric spacé€X, 4,) is said to be bounded if there exists a constantd such that
Apy(x,x,x,...,x,y) < rforallx,y € X. OtherwiseX is unbounded.

Definition 3.13 Given a pointx, in A, -metric spacgX,4,) and a positive real number, the set
B(xo,1v) = {y €X:4,(y,y,y,...,V,%9) <r}is called an open ball centeredegtwith radiusr.

The setB(xy,7) = {y € X: A,(v,¥,¥,...,y, %) < r}is called a closed ball centeredgtwith radiusr.

Definition 3.14 A subsetzin A,-metric spac€X, 4,) is said to be an open set if for each G there exists
anr > 0 such thaB(x,r) c G. Asubsetf c X is called closed ik \ F is open.

Definition 3.15 Let (X, 4,) be and,-metric spacewitls > 1. A mapf:X — X is said to be contraction if
there exits a constaate [0,1) such that

Ap(Fxt, fx?, fa3, .., fx™) < A4, (x1, x2,x3, ..., x™)
for all x1,x2,x3,...,x™ € X. In case

Ap(fxt, fx?, fx3, .., fx™) < Ap(xt, x%,x3, ..., x™)
for all x1,x%,x3, ...,x™ € X, f is called contractive mapping.

Definition 3.16 Let (X,A4,) be and,-metric spacewitls > 1. A mapf:X — X is said to be expansion
mapping if there exitd > 1 such that

Ap(fxt, fx?, fx3, .., fx™) = A4, (xt, x2,x3, .., x™)
for all x1,x%,x3,..,x™ € X. In case

Ap(fxt, fx? fx3, .., fx™) > Ap(xt, x%,x3, ..., x™)
for all x1,x%,x3,..,x™ € X, f is called expansive mapping.

4 Fixed Point Theorems for Contraction Mapping

We begin with a simple but a useful lemma.

Lemma 4.1Let (X, A;) be and,-metric space witls > 1 and{x,} be a sequence {X, 4;) such that
Ap Oper Xy Xy o+ (i dn—1, Xiew1) < AAp (X1, Xie— 1, Xie—1 -+ (K= 1)m—1, Xi) 1)
wherel € [0 slz) andk = 1,2,.... Then{x,} is a Cauchy sequence(, 4,).

Proof Fork = 1,2,.., we get by induction

11
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Ap (g Xpes Xper -+ O )1 X)) < AAp (-1, Xgm1 Xpe—1s -+ (Xk—1)n—1, Xi)
=< /12{41: (k=20 Xpe—20 Xpe—2, - (X2 )=1, Xpe—1)

< AkAb(xOIxOIxOIxOr--(xO)n—lrxl) 2
Letm > k. It follows that

Ap e, Xpe Xy -« (g dm—1, Xm) < s[(n = 1) Ap (g, Xpey Xy -« (Kp ) =1, Xper1)
+Ab(xm' X X Xy oees (xm)n—l! xk+1)]
< s(n— DAy, X X, - - (X =1, Xie41)
+5%Ap (Xks1, Xies1s Xiewrs - Kgr1 ) n—1, Xm)
< s(n — DA, (g, X, Xper - (X dn—1, Xpe1)
+53[(n = D) Ap (t1, X1 Xt 10 o » Kier 1) =15 Xie2)
+Ab(xm' X Xmo X ees (xm)n—l! xk+2)]
< s(m — DA e, Xpe, Xps -+ (X1, Xpes1)
+53(n = 1) Ap Kt 10 X1 Xret1s - » Kger1)n—1, Xiet2)
+5*Ap (Xks2s Xieazs Xieazs s Kir2)n—1, Xm)]
< s(m — DAy e, Xpe, Xpr -+ (X1, Xpes1)
+53(n — D Ap Kt 15 et 15 et 0 Kger1)n—1> Xie2)
+53[(n = 1) Ap (t1, X1 Xt 10 v » K1) =15 Xie3)
+Ab(xm' X X Xy «ens (xm)n—l! xk+3)]
< s(m — DA e, Xpe, Xps -+ (X1, Xies1)
+53(n — D Ap Kt 1, et 15 et 10 - » Kier1)n—1> Xie2)
+5°(n = 1) Ap (Kt 10 Xt 10 Xret1s - » Kger1) =1, Xiet3)
+57(n = 1) Ap Kt 10 Xt 10 X1 o » g1 =1, Xpera) + -+
+52m_2k_3(n - 1)Ab (xm—Z! Xm—2)Xm-2y =y (xm—z)n—l!xm—l)
+52m_2k_2Ab (xm—lr Xm—-1Xm—1s =) (xm—l)n—lr xm)
< (Tl _ 1)[5/1k + SS/‘{k+1 + SSAk+2 + S7Ak+3 4+t SZm—Zk—S/‘{m—Z]
X Ay (xg, %0, X0, Xg, - - (X0 ) -1, %1)
+s2mm2k=2m=1 5 Ay (X, Xo, X0s Xo - - (X0)n—1, X1)
= (n — 1)sA*[1 + 521 + s*2A2% + 5923 + ..  s2Mm—2k=4m=-k=2]
X Ap(xo, X0, X, X, - - (X0) -1, %1)
+s2m=2k=3 amok=1 5 Ay (X0, X0, X0, X5 - - (X0) =1, %1)
<(n—1DsA*[1 + 524+ 522 + %23 + -]
X Ap (x0, Xo, X0, Xo, - - (X n-1,%1)

ﬂ.k
<S(n-1) iWAb (x0, X0, X0, X0, - (X0)n—1, X1) (3

Since As? < 1. Assume that4, (xo, xo, X, X0, - - (Xo)n_1,%1) > 0. By taking limit ask,m — +oo in above
inequality we get

lirnk,m—>+oo Ap (xk! Xir X« - (xk)n—l! xm) = 0.

Therefore, {x,} is a Cauchy sequence & . Also, if A(xy Xo, X0, X0»-- (Xo)n—1,%1) =0, then
Ap (X, Xie) Xper - - (X4 )n—1, %) = 0 for allm > k and hencéx,} is a Cauchy sequenceXn

Theorem 4.2Let (X, 4,) be a completd,-metric space witlk > 1 andf: X — X be a continuous mapping
satisfy

Ap(fxt, fx?, fx3, .., fx™) < YA, (xt x2, x5, .., x™)] (4)
for all x',x2x3 ..,x" € X, where ¥:[0,+m) - [0,4) is an increasing function such that

lim,_,., P¥*(t) = 0 for each fixedt > 0. Thenf has a unique fixed point ixi.

12
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Proof Letx € X ande > 0. Letmbe a natural number such that(e) < Py < LetF = f™ and

(n-1)"
x, = F*(x) for k € N. Then for allx,y € X andg = ™, we have

Ap(FX,Fx,FX, ..., (FX)n_1, Fy) < Y™ (Ap (%, %, %, ..., () p-1,¥))
= (4,0, %,%, e, (Dn1,9)) ®)

Hence, for eack € N, Ap Xkt Xier1r Xka1r - » Kk 1)n—1, Xx) = 0 ask — oo. Therefore, lek be such that

Ay (e, Xy Xpey ooy (g dmm, Xpean) < ﬁ (6)
Let's define the balB(xy, €) such that for every € B(xy, €) = {y € X | Ay (xx, Xi, Xy -0, 1)1, V)3 -
Note thatx;, € B(xy, €), thereforeB (x,, €) # @. Hence, for alk € B(x;, €) we have

Ab(karkarka' "'r(ka)n—lrFZ) < (p(Ab(xkr Xir X "'r(xk)n—llz))
— ,m € £
S (p(f) - lp (E) < ZSZ(n—l) < 252 (7)

Thus,

Ap g, Xpey Xy vov s i1, F2) < s(n = 1) Ap (g, Xpey Xy ooy (i) m—15 Xpe1)
+sA,(Fz,Fz,Fz, ...,(FZ)p_1,Xk41)
< s(n — 1Ay O, X Xpey s (Gpd =1, Xpes1)
+52Ap (K41, Xiea1, Xia1 - Kis1)n—1, F2)

2 _ 2o & _
<s*(n 1)><2S2(n_1)+s X 5 =€ (8)

Hence,F mapsB(xy, €) to it self. Sincer, € B(xy, €), we haveFx, € B(x, €). By repeating this process
we get

F'x; € B(xy,€) foralll € N.
That is,x; € B(xy, €) for all g = k. Hence
Ab(xl,xl,xl, ...,(xl)n_l,xq) <eforallg,l>k. 9

Therefore{x, } is a Cauchy sequence and by the completeneXstbere exists € X such that, — u as
k — oo. Moreoveru = limy_ o Xi41 = liMg_ 0 X = F(w).Thus,F hasu as a fixed point.

Now we prove the uniqueness of the fixed pointFoSincep(t) = Y™ (t) < t for anyt > 0, letu andv
be two fixed points of.

Ap(u,u,u,u, ..., Wp_q,v) < Ay(Fu, Fu, Fu, Fu, ..., (Fu),_4, Fv)
<Y"™A,(u, u, u, U, ..., (Wp_1, V)]
= ol4,(w,u, u,u, ..., Wp_1,v)]
<A,(w,u,u,u, .., Wp_q1,v)

This implies thatd, (u, u, u, u, ..., (u),—1, v) = 0 = u = v and henceF has unique fixed point ii.
Theorem 4.3Let (X, <) be a partially ordered set and suppose that there exigtsretric A, 0nX such
that(X, Ay, s) is a completel,-metric space. Lef: X - X be an continuous non-decreasing mapping with

respect to< such that there exists an elemente X with x, < fx, . Suppose also that for
all xt,x2,x3, .., x" € X withx! < x2 < x3 <. < x™

13
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Ay (fxt, fx?, fx3, ., fx™) < allh, Ap(xh xbh xh, o, fxt) ([Ap (62, x2, %3, L x™) )72
+BA4, (xh, x%, %3, .., x™) (10)

wherea + s?8 < 1. Thenf has a fixed point. Moreover, the set of fixed pointg of well ordered if and
only if f has one and only one fixed point.

Proof Starting with the giverx, € X, putx, = f*x, = fx,_,. Sincex, < fx, andf is an increasing
function, we obtain by induction that

Xo = fxo = F2x0 X v e X fRag < Rl < (11)

Considering the sequence and using (10), we have

Ap (X Xps Xpey e oy i dm—1s Xiew1) = Ap(F Xty [ Xim1s [ty oo os (F Xt dmm1s f24)
< afAp (1, X1, Xp—1s s Kpem )15 [ Xpe—1)
X Ap (Xpe—1) Xp—1) X1y ooy Do, F2pm1) X
X (Ab (k1 Xpe 1) Xig—1s o0 (Xk—1)n—1:ka—1))n_1
X Ap (X, Xjes Xpey e s (i) —1, f 1)}
X ([Ap (g1, Xpm1s Xp—1s v s e, XD 7
+BAp (X1, X1, Xi—15 0+ r (Xpe—1 D=1, X
= a(Ab(xk—pxk—pxk—p ey (xk—l)n—lrxk))n !
X Ap (X, Xpe» Xpey ooe oy (g dm—1) Xie1) }
X ([Ap (=1, Xpm1 Xpmts ooe s e ) mm 1, )1 71
+BA, k1, Xp—1) Xi—1 oo r (K1) =1, Xi)

The last inequality gives
Ap (X, Xpes Xpey e 0y (i dm—1s X)) S AAp (g1, Xpem 1) Xie—15 -0 (K11, Xic) (12)

for all k € Nu {0} wherei = 1%{ < siz By Lemma 4.1{x,} is a Cauchy sequence Xh SinceX is a
completed,-metric space, there existd € X such thatim,_,,,, x; = x*. If f is A,-continuous, then

fx* = fimg o0 %) = My oo foxp = liMp o0 Xy = X7 (13)
This implies thatc* is a fixed point off.

Finally, suppose that the set of fixed pointsfa$ well ordered. Assume, to the contrary, thandv are
two distinct fixed points of .

Ay (fu, fu, fu, fu,, .., fup_1, fv) < afd,(u,u,u,u,, ..., Wh_q1, fu)

X Ab (u! u,u,u,, ..., (u)‘n—lr fu) D QT
x (A,(w,w,u,u,, ..., (u)n_l,fu))n_1
X Ay (0, v, 1,0, ..., W)pq, fV)}
x ([w,u,u, 1, oo, Wp_q, v]* T
+ﬁAb(ul u,u,u,, .., (u)n_l, v)
Thus, we get
Ay, u,, ., Whop,v) < BAWUUY,, ., Wy, V)

a contradiction. Hencé, has a unique fixed point. The converse is trivial.

14
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5 Results under Geraghty-type Conditions

In 1973, Geraghty [25] proved a fixed point result, genagraithe Banach contraction principle. Several
authors proved later various results using Geraghty-type emmslitFixed point results of this kind b
metric spaces were obtained by Diuét al. in [26].

Following [26-28], for a real numbes > 1 let F; denote the class of all function®: [0, ) —
[0,?) satisfying the following condition:

B(ty) = é ask — oo implies t, — 0 ask — oo.

Now, we have the following fixed point theoremAp-metric space.

Theorem 5.1Let (X, <) be a partially ordered set and suppose that there exiistaeetricA, onX such
that (X, 4, s) is ad,-completed,-metric space. Lef: X — X be a non- decreasing mapping with respect to
< such that there exists an elemenE X with x, < fx,. Suppose also that for all,x?x3,..,x" € X
with x? < x% < x3 < < x™;

sAp(Fxt, 2, fx3, ., fx™) < B(A, (b x2, 23, ., x™))M (Y, x2, %3, .., x™) (14)

where

n L Ap(xbxixt. fxt
M(x1,x?,x3, ..., x™) =max{Ab(x1,x2,x3,...,x") iz 4 /%) }

! 1+(Ab(xl,xz,x3,...,x"))n_1

andp € F;. Thenf has a fixed point. Moreover, the set of fixed pointg &f well ordered if and only if
has one and only one fixed point.

Proof Starting with the givernx, € X, putx, = f¥x, = fx,_,. Sincex, < fx, andf is an increasing
function, we obtain by induction that

Xo = fxo = f2x0 X v X fRxg < R Ly <

Considering the sequence and using (14), we have

SAp (i, Xpey Xpey e s (I n—1, Xiew1) = SAp (fXpe—r, fXpmts [ Xpmts woe s (F X1 m—1, fX0)
< ﬁ(Ab (xk—ll Xig—1) Xjg=1s =+ v (xk—l)n—lt xk))
X Iil(xk—pxk—pxk—p ey (1)1, %)
< < Ap(Ote—1, Xpem1s vee s (=11, %)
< Ay (Xp—1) X1y vor s (C—1)m—15 Xic) (15)
because
M (-1, Xg—1s Xi—1s o0e 0 » (C—1 )1, Xic)
= max{A, Ocg_1, Xp—1 e » (K11, %),

n-—1
(Ap(Xg—1 Xk— 1,0 (K= Dn—1.%1)) Ab(Xk,Xk..-.-.(Xk)n—l.Xk+1)}
n-1
1+(Ap (K- 1. X k=11 (Xe—1)m=1,XK))
= Ap (1, X1y oo er (Xp—1) -1, Xi)

Therefore, the sequengé;, (x;, xy, xx, .- -, (X1 )n_1, Xx+1)} IS decreasing. Then there exists 0 such that

15
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limk—>+oo Ab (xk' Xier Xy wev vy (xk)n—ll xk+1) =Tr. (16)
We claimr = 0.

Suppose that > 0. Then lettingk —» +oo, from (15) we have
1 .
;r ssr< llmk—>+oo ﬁ(Ab(xk—lrxk—lrxk—lr ey (xk—l)n—lrxk)) r<r.

So we havelimk_ww,B(Ab(xk_l,xk_l,xk_l, ----r(xk—1)n—1:xk)) Zi and sincef € F;,, we deduce that
limy 40 Ap (X1, Xk—1 Xie—1s - » (X—1)n-1, Xx) = 0, which is contradiction. Hence,

limy 400 Ap gy X Xy wvv s (X dno1, Xpeq) =7 = 0. (17)

Now

Ay (X, Xpey Xpes e s =1, Xm) < s — DA, (e, Xy Xper 5 (K1, Xic41)
+5Ab(xm' X Xy wee oy (xm)n—l! xk+1)
< s(m— DA, (e, X, Xy oo (X dn—1, X 1)
+52Ab (xk+1' Xig+1) Xjg1s e v (xk+1)n—1' Xm)
< s — DA, e, Xpe, Xis oo (X dn—1, X 1)
+53(n = 1) Ap Kt X1 Xe1s - -» Kir1 ) n—1 Xmma1)
+S3Ab(xm! X X v o) (xm)n—lr xm+1)
< S(TL - 1)Ab (xkr Xig) Xjgs eev v (xk)n—lr xk+1)
+52(n = DB(Ap (e X Xt -+ (K1 no1, Xm))
X M (Xg, X, Xigy won oy (k)15 X))
+S3Ab(xm' X Xy weees (xm)n—lr xm+1) (18)

Letting k, m = +oo in the above inequality and applying (17), we have

liInk,m—>+oo Ab (xkr Xy Xjgy env vy (xk)n—lr xm)
<s?(n-1) limk_m_,+w(Ab Xy Xper Xy one - (xk)n_l,xm))
X limk,m—>+oo M(xk: xk: xk: ey (xk)n—lﬁ xm) (19)

Here

Ap (X, Xps Xpes oov oy (g dm—1, X)) < Mg, Xy Xy wvv s (X )1, %)
= max{A, (Xi, X, Xpes o +» (X In—1, Xm),
(Ab(xk.xk.xk......(xk)n_l.ka))"‘lxAb(xm.xm.xm,....,(xm>n_1,fxm>}
14+(Ap Ko Xie X X1, %m))

Letting k, m = +oo in the above inequality, we get

lirnk,m—>+0<:v M(xkr Xig) Xjgs wees (xk)n—ll Xm)
= 1iInk,m—>+0<:v Ab (xkr Xig) Xigs wees (xk)n—ll Xm) (20)

Hence from (19), we have

lirnk,m—>+00 Ab (xk' Xy Xy wee v (xk)n—li Xm)
< 52 — 1) limy o ooB(Ap (s Xper Xpes ey (I n—1, X))
X 1imk,m—>+00 Ab (xk' Xig) X en ey (xk)n—li xm) (21)
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Now we claim that limy ;400 Ap(Xp, Xi) Xpes con von e O dn— X)) =0 . If, to the contrary,
limy 00 Ap (ks Xpey Xgs v, (X )1, Xm) # 0, then we get

. 1 1

hmk,m—>+ooﬁ(Ab Corr X, Xy oon (xk)n—pxm)) 2 2o = 52

which is contradiction. Consequentfy;,} is ad,-Cauchy sequence K. Since(X, 4,,s) is A,-complete,
the sequencgx,} A,-converges to some* € X, that islimy._, oA, (Xk, Xk, Xpe oovor (X )—1, x*) =0. Now
we show thak™* is a fixed point off. If f is A,-continuous, then

fx = f (kl—l}-{l-loo xk) = kl—l>I+I—loo ka = kl—l>r+l:loo xk+1 =X
This implies thatc* is a fixed point off.

Finally, suppose that the set of fixed pointsfa$ well ordered. Assume, to the contrary, thandv are
two distinct fixed points of .

sAp,(u, u, u, ..., Wn-1,v) = sA,(fu, fu, fu, fu,, .., fu)p_1, fv)
< [)’(Ab(u, U U, e, (UWpq, v))M(u, U e, Wy, V)

= [)’(Ab(u, U e, (Wpoq, v))Ab (w,u,u, ., (Wpoq,v) (22)
Because
M, u,u, ..., Wn_q,v) = max{4,(u,u,u, ...., Wp_1,v),
(Ab(u,u,u,.-..,(u)n—l.fu))n_leb(v,v,v,-.-.,(V)n—l.fV)}
1+(Ab(u,u,u,....,(u)n_1.v))n_1
= max{4,(u, u,u, ...., (W)y_1,v), 0}
=A,(w,u,u, ..., (Wpo1,V)
Then we get

ﬁ(Ab (w,u,u, ..., (Wpy_q, v)) > %
a contradiction. Hencé, has a unique fixed point. The converse is trivial.
Note that the continuity gf in Theorem 5.1 can be replaced by certain property apghee itself.

Theorem 5.2Under the hypotheses of Theorem 5.1, withoutAfeontinuity assumption, assume that
wheneverx,} is a non-decreasing sequenc&iauch that, — x*, one has, < x* for all k € N. Thenf
has a fixed point. Moreover, the set of fixed pointg & well ordered if and only if has one and only one
fixed point.

Proof Repeating the proof of Theorem 5.1, we construct an isicrgaequencex,} in Xsuch that, —
x* € X. Using the assumption dhwe havex, < x*. Now, we show that* = fx*. By (14) and Lemma
3.11, we have

1 i
s? [S—ZAb(x*,x*,x*,x*, ...,(x*)n_l,fx*)] < s21limy_400SUp Ap (Xps1s Xes1s Xkats - o» X1 )1, FX5)

= 52 limy, 1 ooSUp Ap (f X, f X0, fXper o, (FXi =1, FX™)
< slimy_4oSUp ,B(Ab (Xger X1 Xty + o (X ) =1 x*))
1imk—>+oosup M(xk' Xy Xigyoees (xk)n—ll X*) (23)

Where
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1irnk—>+oo M(xkr Xier Xy nes (xk)n—lr x*) = kl—i>I+I—loo maX{Ab (xkr Xier Xy oves (xk)n—ll x*):
(Ab(Xk.Xk.Xk,---.(Xk)n—l.ka))n_leb(X*,x*x*,.-.-,(x*)n—pr*)}
1+(Ab(xk,xk,xk,...,(xk)n_l,x*))n_l
= kl—i>141—100 maX{Ab (xkr Xy Xigroees (xk)n—lr x*);
(Ab(xk.xk.Xk.---.(Xk)n—l.Xk+1))n_1><Ab(X*,X*,X*,.....(x*)n—1.fx*)}
1+(Ab(xk,xk,xk,...,(xk)n_1,x*))n_1

=0

Therefore we deduce thap (x*, x*, x*, x*, ..., (x*)p_1, fx*) = 0, hencefx* = x*. The proof of uniqueness
is the same as in Theorem 5.1.

6 Fixed Point Theorems for Expansion Mapping

In this section, first we prove some fixed point theoreatisf/ing expansive condition by considering
surjective self-mapping in the context4f- metric space

Theorem 6.1 Let (X,4,,s) be a completdl,-metric space with the coefficient> 1. Assume that the
mappingTl: X — X is surjection and satisfies

Ap(TxY, Tx?, Tx3,....Tx™ 1, Tx™) = 24, (x%, x2,x3, ....x™ 1, x™) (24)
vxl, x2,x3,....x™" 1, x™ € X, whered > s2. ThenT has a fixed point.

Proof Let x, € X, since T is surjection oK, then there exists, € X such that, = Tx,. By continuing this
process, we get

Xk = Txk+1, vk eNU {0} (25)
If Ay (1) Xm—1, Xm—1s =» Xm—1,Xm) = 0 for somem, thenx,,_; = x,, and x,, € T~ 1(x,,_,) implies

TXp = Xm—1 = X, @nd so x,, is a fixed point off. Without loss of generality, we can suppose that
Ap (X1, Xi—1, X1y - -» Xx—1X5) > 0, that is,x;, # x,_, for everyk. Consider from (24), we have

Ap (X1, X1, Xpe—1, -+, Xp) = Ap(Txpe, Txp, Ty oo, TX 1)
> AAp (g, Xy Xy woe oy Xip1)
and so
1
Ap (Xpy Xpey Xpgy oy Xpg1) < EAb (k1 Xh1s Xje—1 wov -2 X)
= hAp (Xk—1, X—1) Xie—1 o +» Xi) (26)

for all k € N, whereh = % < siz By Lemma 4.Xx,} is a Cauchy sequence Xn SinceX is a completed, -

metric space, there exists € X such thatr, - x* ask — 4+c0. Now sinceT is surjective map. So there
exists a poinp in X such thatc* = Tp. Consider from (24), we have

Ab(xk,xk,xk, vy Xy x*) = Ab(Txk+1,Txk+1, Txk+1, ...,Txk+1, Tp)
> AAp (Xp41 Xkt 1 Xir1s - r D)

Taking limit ask — +oo in the above inequality, we get

. . .
0= lim ApQcy, xg, Xgy e Xp, ) = A im Ap Ois1, Xieg1) Xiea1s -0 X 1r D)
k—+o00 n—-oo

18
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which implies that

limy, 400 Ap Xkt 1) X1 Xkt 10 0 Xs1, 0) = 0. (27)
Thusx,,,; —» p ask - +oc0. By Lemma 3.9, we get* = p. Hencex™” is a fixed point ofl.
Finally, assume™ = y* is also another fixed point 8. From (24), we get

Ay x™, x5, x, e, (X ), ¥) = Ay (Tx™*, Tx*, Tx™*, Tx™, oo, (TX )1, V)
> A (5, X, x5 x e, (X ), YY)

This is true only whed, (x*, x*, x*, x*, ...., (x*)p—1,¥*) = 0. Sox™ = y*. HenceT has a unique fixed point
in X.

Corollary 6.2 Let (X,4,) be a completel,-metric space with the coefficient>1 andT:X - X be a
surjection. Suppose that there exist a positive integad a real numbelr > s2 such that

Ap (TR, T*(x?), ..., TR, T (x™)) = A4, (x1, %2, ... x™7L x™) (28)
vxl, x2,x3,....x" 1, x™ € X. ThenT has a fixed point.
Proof From Theorem 6.17* has a fixed point*. ButT*(Tx*) = T(T*x*) = Tx*, SoTx* is also a fixed
point of T¥. HenceTx* = x*,x* is a fixed point off. Since the fixed point df is also fixed point ofT*,
the fixed point off" is unique.

Now, motivated by the work in Jain et al. [27-28], we dive following.

Let W} denote the class of those functiBn(0, ) — (L2, %) which satisfy the conditioB(t,) - (I1%)* =
k - 0, ask — oo, whereL > 0.

Theorem 6.3Let (X, 4,) be a completd,-metric space witlk > 1. Assume that the mappifgX — X is
surjection and satisfies

Ay (Tx, Tx? Tx3, ..., Tx™) = B(Ab (xt, x2, x3, ...,x”))Ab(xl,xz,x3, v, X™) (29)
v xl,x2,x3,...,x™ € X, whereB € W§. ThenT has a fixed point.

Proof Pickx, € X. Since T is surjective, choosg¢ € X such thdfx; = x,. Inductively, we can define a
sequence(x,} € X such thatx, = Txy,q, Vn € NU{0}L If Ap (o1, Xme1, Xm—1s = Xm—1, Xm) = 0 for
somem, thenx,,_, = x,, and x,, € T"*(x,,_,) implies Tx,, = x,,_, = x,,, and s0x,, is a fixed point of
T. Without loss of generality, we can suppose b, 1, Xx_1, Xi—1, - -» Xxk—1Xs) > 0, that is,x, # xx_4
for everyk. Consider

Ap(Xp—1) Xpe—1, X1 Xp— 15 +0r (1) ne1) X))
= Ap (T, TXp, TXpey ooy (TXp ) pm1, TXpe11)

Now by (29) and definition of the sequence

Ap Op—g) Xpem1) Xpm1) X150 (=11, Xic)
= Ap(Txy, Txp, Txg, Txpey oo, (TX3 ) =1, TXjet1)
= B(Ab Ceper Xpes Xpes Xy oov (xk)n—lrxk+1))
X Ap (X, Xy Xper Xper o » (i) —1) Xper1)
= 52 Ay (X, Xpe, Xper Xper wov s (K n—1, Xpe1)
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> Ay (e, Xpe, Xy woes (Xp =1, Xpe1) (30)

Thus the sequend@ly, (xk, Xk, X, - (X1 )n—1, Xk+1)} IS @ decreasing sequenceRh and so there exists
€ = 0 such that

limy, 00 Ap (X Xy Xpes X ooy (g1, Xp41) = 8 (31)

Let us prove thad = 0. Suppose to the contrary that> 0. By (30) we can deduce that

52 Ap (Xg—1.Xk—1.Xk—1»-»Xk-1)n—1.XK)
Ap (XXX ke X n=1, Xk +1)
> Ap(Xg—1,Xk=1,Xk =10 Xk=1)n-1.XKk)
Ap (XXX koo (X n—1X ke +1)

> B(Ap (ks Xk Xis oo s X n1, Xper1)) = 57 (32)

By taking limit ask — 4o in the above inequality, we have

limy, o0 B(Ap (i, X X Xigs s (i1, Xpe1)) = 52 (33)
Hence by definition oB, we have

8 = limy 400 Ap (g, Xpes Xy Xy s (g )1, Xi41) = 0 (34)
which is a contradiction. Hende= 0. Now, we shall show that fdr,m € N,

limy, 400 SUP Ap O, Xpe, Xy ooy (Xp ) m1, %) = 0 (35)
Suppose to the contrary tHaty, ;40 SUP Ap (Xk, Xp Xpes o, (X —1, X)) > 0.
By (29), we have

Ay (e Xy Xper oo s i dn—1, Xm) = Ap (TXper1, TXpw1s TXks1s ooor (TXis 1) n—1, TXopa1)
= B(Ap k1, Xier 1 Xew 15 -oer e ne1s Xms1))
X Ap (X415 Xier 1 Xier 15 -+ 0 Kier 1 )n—15 Xmt1)

That is,

Ap (XXX prn (X n—1.Xm)
B(Ap (X4 1Xk 41Xkt 1o (Khet Dn—1.%m+1))
= Ap s, Xier1r Xiea 1 0 kg 1)n—1, Xma1) (36)

From (Ab3), we have

Ab(xkr Xigr Xy ens (xk)n—ll Xm) < S[Ab(xk' Xy Xy enns (xk)n—ll xk+1)
+Ap (X, Xpey Xper o r g n—1) Xpe1)
+Ap (X, Xpey Xpes s (X dno1) Xieg1) + 0
+(Ab Ceper Xper Xper wov s (i dn—1, ’Ck+1))n_1
+Ab (xmr X Xy wes (xm)n—ll xk+1)]
= s(n — DA, (x, Xpe, X o) (I n—1, X 1)
+s4, (xmr X Xy =) (xm)n—l! xk+1)
< s(n— 1Ay Ok, Xpe, Xpeo s (i1, Xpet1)
+52 [Ab (Xm, Xm, xmr e (xm)n—1; xm+1)
+Ab(xm' Xmr Xy -es (xm)n—lr xm+1)
+Ab(xm' Xmr Xy -es (xm)n—lr xm+1) +
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+(Ab (xm' X Xy wees (xm)n—lr xm+1))n—1
+Ap (Xker1 X1 Xier1s - Kger1)n-1, Xma1)]

= s(n - 1)Ab (xk' Xy Xjgy eees (xk)n—lr xk+1)
+52 (n - 1)Ab (xm' X Xy wes (xm)n—ll Xm+1)
+52Ap (Xps1, Xiew1s Xier1s - Kgr1)n—1, Xm41)
< s(n — DA, O, X, Xpey s (g =1, Xpes1)

+52 (n - 1)A(b (xmr xmr(xr)nr ey (’)Cm)n—l: xm+1)
Ap (X XXk (X =1, Xm
+5? 37
B(Ap (k41 Xk+1Xk4 10Xkt D=1 %m+1)) (37)

The last inequality gives,

2
1- $ )A Xy Xiey Xty vony (X )1, X
( B(Ab(xk+1rxk+1rxk+1.---,(Xk+1)n—1lxm+1)) b( ko Sler e ( k)n 1 m)
< s(n— 1Ay, Oy, X, Xper oy (=1, Xpe1)
+52(n - 1)Ab (xm!xm' Xy wees (xm)n—lrxm+1)

That is,
2 Ap (XXX fer (g In—1 Xk 41)
1 _ S ) S s(n — 1 b\ XXXk +
( B(Ap (X4 1 XK+ 1%k 1o Kt D=1 Xm+1)) ( ) Ap (XX Xk (XN —1,Xm)
2(n —1 Ap (XmXmXmy - (Xm)n-1.Xm+1)
+s°(n ) Ap (XXX k(X n—1%m)
Thus,

(1 . )
B(Ap (Kk4 1. Xk 41Xk 4 10 (Kkr D=1 %m+1))
1 Ap (XXX oo (XRn—1.Xm) ) (38)

(-1 (sAb(Xk,Xk,xk,...,(xk)n_l,xk+1)+szAb(xm,xm,xm,.-.,(xm)n—l,XmH)

By taking limit ask, m — +oo in the above inequality, since

limy s 4o0 SUP Ap (X, Xie) Xy v (X n—1, Xm) > 0

and
6 =0 = limy_, 100 Ap (Xps X Xpes v s Kk dn—1, X 1)
= hmm—>+oo Ab (xm' Xm, xmr ey (xm)n—ll xm+1)!

then we obtain

2 -1
1My 4o (1 = ) = 400 39§

- B(Ap (Xjea 1 Xk4 10Xk 410 Kher D1 Xm+1))
which implies that
limy, 4 o SUP B(Ab(xkﬂ' Xiea1r Xkt 1s ) Xa1)n-1s xm+1)) = (s (40)
and so by definition dB, we have

1imk,m—>+oosup Ab(xk+1' Xi+10 Xg41r s (xk+1)n—1' Xm+1) =0 (41)

which is a contradiction. Hence,
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My s 400 SUP Ap Oy Xy Xy Xy wvv s (XpeIn—1, Xm) = 0. (42)

and sofx,} is a Cauchy sequence. Sirtés a completel,-metric space, the sequerfag} in X converges
tox* € X. so that

limy 100 Ap (s Xies Xpeo Xpe ooy (Xg )1, X*) = 0. (43)

As T is surjective, so there exigiss X such thatc* = Tp. Let us prove that™ = p. Suppose to the contrary
thatx* # p. Then by (29), we have

Ay Oy Xpey Xpe Xy o O d =1, X7) = Ap (Txpey 1, TXep1, TXp 1, oo (T X4 1)1, TP)
= B(Ab (xk+11 Xi+10 Xg41s wes (xk+1)n—11 p))
X Ab(xk+11xk+11xk+lr ey (xk+1)n—11 p) (44)

By Taking limit ask — +oo in the above inequality and applying Lemma 3.11, we obtain
0= limk_,+oo Ab(xk,xk,xk,xk, ey (xk)n_l, x*)
> limye, 40 B(Ap i 1s Xir 1 Xiew1s -oor kr1)n=1,0))
X 1imy 00 Ap (X4 1) Xper 1 Xict1s o K 1)n-1, )

1,.
2 limy 40 B(Ap (kr1, Xies1s Xicr1s 0 K1 )n—1, )
X 1imy, L0 Ap (X, %, %, oo, () =1, D) (45)

and hence,

limy, o0 B(Ap Cts1s Xies1s Xiests o Cg)ne1,0)) = 0
which is a contradiction. Indeed,

limy,_, 4 o0 B(Ap (tes1s Xk 1) Xiew 15 s (kp1)n-1,P)) = 52,
SinceB(t) > s% for all t € [0, +), therefore* = p. Hencex* = Tp = Tx™.

7 Conclusion

In this paper, we introduced the notionAgf-metric space and to studied its basic topological ptigseWe
established some fixed point theorems under different agitnaand expansion type conditions in the
setting ofA,-metric space and partially orderag-metric space.Our results generalize and extend various
results in [3, 24-28].
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