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Determination of Kinetic and Equilibrium Parameters of
Chromium Adsorption from Water with Carbon Nanotube
Using Genetic Programming
Hadi Esmaeili and Hassan Hashemipour

Chemical Engineering Department, Shahid Bahonar University, Kerman, Iran

ABSTRACT
In this paper Genetic Programming (GP) method was used to
predict the removal of hexavalent chromium as one of main
pollutant of wastewater using nanotube carbon as the adsor-
bent. One set of experimental data was chosen for this aim.
The considered parameters as input of the network were
adsorbent dosage, initial solution pH, initial concentration of
Cr(VI), contact time and temperature and the output parameter
of the network was final concentration of Cr(VI). GP applied for
two groups of data, namely, kinetic and equilibrium and two
correlations presented for these groups. The determined cor-
relations using the GP had excellent precision. The correlations
were used to determine appropriate model for both kinetic
and equilibrium of adsorption. The results showed that the
kinetic and equilibrium of adsorption fitted on the pseudo-
second-order and Langmuir isotherm models, respectively.
Activation energy and enthalpy of adsorption were determined
using the models.

Introduction

Chromium cations in different valences are heavy metal pollutants of indus-
trial wastewater. Chromium cation exists in two forms, hexavalent and
trivalent. Hexavalent chromium Cr(VI) is more toxic and pollutant which
can remain in food chain of human (Mohanty et al. 2005). It may cause
cancer (Kaufman, Dinicola, and McIntosh 1970) and epigastric pain, nausea,
vomiting, severe diarrhea and hemorrhage (Browning 1969). Unfortunately
this cation can be found in very industries such as metal fishing, leather
tanning, electroplating, nuclear power plant, textile (Kowalski 1994). It is
necessary to remove the Cr(VI) from wastewater before disposal. The toler-
ance limit for Cr(VI) for discharge into inland surface water is 0.1 mg/Land
in potable water is 0.05 mg/L (Kobya 2004), but concentration of Cr(VI) in
wastewater industries is in a range of 0.5–270 mg/L.
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Adsorption has many advantages in comparison of other methods to remove
heavy metal ions such as chemical precipitation (Philipot, Chaffange, and Sibony
1984), chemical oxidation or reduction, ion exchange (Jorgensen 1979), electro-
chemical treatment (Huang and Wu 1975) and membrane. The disadvantages of
these mentioned methods are incomplete metal removal, requirements for equip-
ment and monitoring systems, high reagent and energy requirements (Aksu,
Ånen, and Demircan 2002; Baran et al. 2007). The main disadvantages of adsorp-
tion method are its requirement to special adsorbent in special cases. Today
nanotube carbon as a main nanostructure material shows exclusive adsorption
capacity to remove most of heavy metals.

Basically, mathematical modeling and simulation help researchers to
speedup the prediction of system behavior precisely. Soft computing is a
series of novel and practical methods to simulate the complex systems such
as adsorption process. In recent years, soft-computing methods became one
of the most useful tools that could implement on many systems. The advan-
tages of these methods are their power in prediction, optimization and fast
calculation. Genetic Programming (GP) is one of the most powerful methods
of soft computing that is based on biological evolution concept. GP is
Genetic Algorithm (GA) where each individual is a computer program. It
is a machine learning method uses to optimize a population of computer
programs according to a fitness landscape determined by a program’s ability
to perform a given computational task (Kinnear 1994).

In previous studies, Saroj Baral, Das and Rath (2006) found that sawdust is an
effective adsorbent to remove Cr(VI). They also presented the thermodynamic
parameters and studied the effect of pH on the removal process. Esmaeili,
Ghasemi and Rustaiyan (2010) studied removal of toxic Cr(VI) ions from
wastewater using two different activated carbon marine algae Gracilaria (red
algae) and Sargassum sp. (brown algae). They showed that activated carbon
prepared from algae can be used for removal of chromium, also they studied the
kinetic and equilibrium of adsorption process. Gholipour, Hashemipour
Rafsanjani and Soltani Goharrizi (2011) studied the Cr(VI) removal from aqu-
eous solution via adsorption on granular activated carbon. By determining the
thermodynamic parameters, they suggested that the adsorption process is spon-
taneous and endothermic. Also they used Artificial Neural Networks (ANNs) to
predict the Cr(VI) removal and their results showed the accuracy of ANNs for
predicting this process. Shirzad Siboni et al. (2011) studied the kinetic and
equilibrium of the removal of Cr(VI) from aqueous solutions using modified
holly sawdust. They showed that pseudo-second-order model and Langmuir
isotherm model can describe kinetic and equilibrium of this removal, respec-
tively. Gholipour and Hashemipour (2012) evaluated multiwall carbon nano-
tubes (MWCNTs) performance in adsorption and desorption of Cr(VI). Their
results showed that MWCNTs are effective adsorbents and they estimated
adsorption rate constant (K), Gibbs free energy (ΔG0), enthalpy (ΔH0) and
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entropy (ΔS0) for Cr(VI) adsorption. Dula, Siraj and Addisu Kitte (2014)
presented chemically activated carbon prepared from locally available waste of
bamboo for removing Cr(VI). Behind studying the kinetic and equilibrium of
the adsorption process, they studied adsorption efficiency and capacity of
hexavalent chromium.

In this study, the adsorption behavior of Cr(VI) with Carbon Nanotube
(CNT) is simulated using GP. For training GP network, a set of experimental
data related to the adsorption process is used. The aim of using GP is
generation of many data to predict the kinetic and equilibrium models and
calculate the model’s parameters precisely.

Methodology

Genetic Programming

One set of experimental data was chosen for removal of hexavalent Cr(VI) by
adsorption (Gholipour and Hashemipour 2012). Adsorbent dosage, initial
solution pH, initial concentration of Cr(VI), contact time and temperature
were considered as the input parameters of the GP network effecting final
concentration of hexavalent chromium which is the output of GP network.
These data divided into two groups, namely, kinetic and equilibrium data.
Two correlations presented for each of two groups using GP. Seventy per-
cent, 15% and 15% of each groups of data used for training, testing and
validating, respectively. Some of the parameters needed to know for GP are
given in Table 1.

Relative to the population size, tournament sizes tend to be small. A
tournament size of 1 would be equivalent to selecting individuals random,
and a tournament size equal to the population size would be equivalent to
selecting the best individual at any given point. Tree depth and Max gene
depth are used to generate the initial population.

Kinetic of adsorption

The kinetic of adsorption describes the rate of adsorption process and it is a
function of adsorbate concentration and temperature. Two kinetic models
were considered to describe rate of adsorption, namely, pseudo-first-order
model and pseudo-second-order model.

The pseudo-first-order rate expression is as follows (Ho and McKay 1999):

Table 1. Parameters used in GP.
Population size Tournament size Tree depth Max gene depth Fitness function

150 8 4 4 Regressmulti
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dqt
dt

¼ k1 qe � qtð Þ (1)

where qt (mg/L) is the adsorbate temperature, qe (mg/L) is adsorbate concentration
at equilibrium, k1 1=hð Þ is the rate constant. The integrated form of Equation (1)
becomes as follows (Costa 2003):

log qe � qtð Þ ¼ log qeð Þ � k1
2:303

� �
t (2)

With linear regression of experimental data based on Equation (2), the rate
constant (k1) can be calculated using the slope of the regression.

The pseudo–second-order model describes in Equation (3)

dqt
dt

¼ k2 qe � qtð Þ2 (3)

In this equation k2 L=ðmg hÞð Þ is the rate constant. This equation can be
integrated and presented in form of Equation (4) (Esmaeili et al. 2008):

1
qe � qtð Þ ¼

1
qe

þ k2t (4)

which can be written in the form of

t=qt ¼ 1
k2 � qe2 þ

1
qe

� �
t (5)

If the experimental data plot as t=qt versus t, the parameters qe and k2 can
be calculated from the slope and intercept of the regression.

Equilibrium isotherm

The most common model used for modeling of adsorption equilibrium is
Langmuir isotherm. The isotherm relation is as follows (Langmuir 1916):

qe ¼ bqmax
Ce

1þ bCe
(6)

where qe (mg/L) is the adsorbate concentration at the equilibrium, qmax (mg/
L) is the maximum adsorption capacity, Ce (mg/L) is the concentration in
liquid phase, b named as affinity constant and is constantly related to the
affinity of the binding sites (Gonul and Zumriye 2002).

Another common model of equilibrium is Freundlich isotherm (1906) that
uses for adsorption of liquids and expresses as follows:

qe ¼ KfC
1=n
e (7)

where qe (mg) is the adsorbate concentration at the equilibrium, Kf is the
equilibrium constant and 1=n presents the order of adsorption rate.

338 H. ESMAEILI AND H. HASHEMIPOUR



Results and discussion

Kinetic results

The following correlation presented for describing the final concentration of
Cr(VI) as a function of adsorption conditions using GP. This correlation is
used to generate kinetic data of adsorption.

Cf ¼ 0:008539t þ 0:05756C0 � 5:911 cos
C0

T

����
����

� �

þ 1:247 cos T þ 8:074ð Þ þ 5:911 exp
2:835
t

����
����

� �
þ 0:002927tPH

� 0:002584C0 t � C0ð Þ � 89:93 sin 11:9dadð Þ
3:316PH þ cos tð Þ þ 3:4

(8)

where Cf mg=Lð Þ is final concentration of hexavalent chromium, Tð�CÞ is
temperature, t (h) is contact time, dad (gr) is adsorbent dosage and
C0 mg=Lð Þ is initial concentration of hexavalent chromium. For showing
the precision of this correlation, square correlation coefficient (R2) was
determined. Calculated R2 for this correlation was 0.99. By using this high
precision correlation, it is tried to generate new data of Cf versus t at
different temperatures to study the kinetic of the removal process. The
generated data were applied to two mentioned models for rate of this process
and comparison between precision of these models determined and pre-
sented in Table 2 at initial concentration 20 and 40 mg/L.

As one can see in Table 2, the pseudo-second-order equation was better than
pseudo-first-order equation to predict the kinetic data in both initial concentra-
tions. Therefore, the kinetic parameters of pseudo-second order are calculated
from the regression and presented in Table 3 for both initial concentrations.

Arrhenius functionality of the rate constant was applied for data of Table 3
and plotted for initial concentration 20 and 40 mg/L in Figures 1 and 2,
respectively. The determined square correlation coefficients (R2 = 0.9966 for
initial concentration 20 mg/L and R2 = 0.9889 for initial concentration
40 mg/L) showed the precision of data and good fitting of the functionality.

Table 2. Comparison between precision of pseudo-first-order and pseudo-second-order equation
at pH 2 and adsorbent dosage 0.01 g.

Temperatureð�CÞ
Initial concentration

mg/L R2 for pseudo-first order R2 for pseudo-second order

17 20 0.7923 0.9924
40 0.8025 0.9941

27 20 0.8387 0.9955
40 0.8436 0.9964

37 20 0.8736 0.9961
40 0.8705 0.9969
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According to this equation, E and k0 determined as 15166.26 J/mol and
1.00485 (L/(mg h)).

Equilibrium results

The following correlation was presented for adsorption equilibrium concentra-
tion of Cr(VI) using GP:

Table 3. Constant rate of the pseudo-second-order kinetic at pH 2 and adsorbent dosage 0.01 g.
Initial concentration (mg/L) Temperature �C k2
20 17 0.00499

27 0.00607
37 0.00705

40 17 0.001186
27 0.001775
37 0.001882

K2 = 1.0449e-15195.69/T
R² = 0.9966
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Figure 1. Arrhenius plot of k2 versus 1/T for initial concentration 20 mg/L.
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Figure 2. Arrhenius plot of k2 versus 1/T for initial concentration 40 mg/L.
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Ce ¼ 0:8563C0 � 1:521 cos
T
dad

����
����

� �
þ0:8563cosðdadC0Þ

� 0:8563sinðTÞ þ 235:165
T � PH

þ 0:07053x5
dad

þ 0:07053C0 cos PHð Þ � 4:987 T þ PHð Þ
dad � C0

� 31:84

(9)

where Ce (mg/L) is equilibrium concentration of Cr(VI), T°C is temperature,
dad (g) is adsorbent dosage and C0 (mg/L) is initial concentration of Cr(VI).
Calculated R2 for this correlation was 0.99 that shows a high precision. After
generating data, it is tried to find the best model to predict equilibrium state.
The regression calculation for Langmuir and Freundlich isotherms was done
and the comparison of the square correlation coefficient between these two
models reported in the Table 4. As can be seen from this table, Longmuir
isotherm is more accurate than Froehlich. Therefore, Van’t Hoff equation
applied for data of Table 5 plotted in Figure 3. According to this equation, E
and k0 determined as 18614.48 J/mol and 0.0007 (L/(mg h)).

As one can see from Table 4, Freundlich model also applied to the
generated data but the results were not reliable.

Conclusion

In this study, the simulation of adsorption process as an important process for
removal of heavy metal (Cr(VI)) from the industrial wastewater was investi-
gated. Detail description of both kinetic and equilibrium of adsorption were
considered. A set of experimental data was used at different operating conditions
to generate a correlation for describing the process. Using GP, two different
correlations for each of kinetic and equilibrium states determined and these
correlations were used to simulate the process and generate many data for
predicting kinetic and equilibrium parameters such as activation energy and

Table 4. Comparison of the square correlation coefficients between Langmuir and Freundlich
isotherm models.

Temperature (�C) R2 for Langmuir isotherm R2 for Freundlich isotherm

17 0.93 0.81
27 0.96 0.76
37 0.97 0.83

Table 5. Constants of the Langmuir equation at the initial concentration of 20 mg/L.
Temperature (�C) b � qmax b

17 115.3 0.52
27 310.1 0.39
37 503.5 0.34
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adsorption enthalpy and their pre-exponential factors. Square correlation coef-
ficient between correlations results and experimental data showed precision of
GP. The analysis of these data indicated that the pseudo-second-order model
can better predict the kinetic behavior of the process than the pseudo-first-order
model. In addition, the Langmuir isotherm is designated as the better model to
describe equilibrium of the adsorption process than Freundlich isotherm.
Finally, the activation energy and the enthalpy of the adsorption are calculated
as 15166.26 and 1897.5 J/mol, respectively.
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