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Abstract
Subaperture stitching wavelength scanning interferometry with a high-accuracy multi-axis
position stage is proposed for measuring complex surface shapes such as aspherical and
freeform optics. Typical optical approaches suffer due to poor fringe visibility when it comes to
complex-shaped optics. Our proposed technique allows a proper solution to this challenging
issue by keeping the optical probe perpendicular to the surface slope, which provides good
fringe visibility during the wavelength scan regardless of how steep the surface is. Also, the
full-aperture surface map of a test sample can be obtained by stitching multiple subaperture
measurement results with high precision. We tested and verified our method by measuring
several representative samples and comparing the measurement results with a well-established
stylus method.

Keywords: subaperture stitching wavelength scanning interferometry, complex shape optics,
3D surface measurement

(Some figures may appear in colour only in the online journal)

1. Introduction

In recent years, freeform optics have emerged as the next
generation optical components by providing an efficient and
aesthetic design, as well as superior optical performance, with
fewer elements compared to conventional rotationally sym-
metric optics. For these reasons, freeform optics have been
widely adopted at a rapid rate and have become significant

Original content from this work may be used under the
terms of the Creative Commons Attribution 4.0 licence. Any

further distribution of this work must maintain attribution to the author(s) and
the title of the work, journal citation and DOI.

optical components across high-tech industries in applications
such as head-mounted displays, high-resolution imaging sys-
tems, and smartglasses [1, 2]. However, many obstacles and
barriers still remain in ensuring quality control during themass
production of freeform optics with nonrotationally symmetric
features.

To ensure the product will meet its requirements, a reli-
able measurement method is needed. In many metrology solu-
tions, the most intuitive approach is a point contact method
with a stylus. As a representative point-by-point method, the
ultra-highly accurate 3D profilometer (UA3P) is capable of
measuring any freeform surface with nanometer precision [3].
But 3D measurement is time consuming and there is a risk of
sample damage. Given the above problems, optical noncontact
approaches can be alternative solutions.
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Generally, optical-based methods can be categorized as
either a slope-measuring technique [4–9] or a surface-
measuring technique [10–15]. The slope measuring methods
such as lateral shearing interferometry [4, 5] and deflectometry
[6, 7] fundamentally measure the slope profile itself. And then
the height profile is reconstructed through integration [8, 9].
This slope-measuring technique offers significant advantages
for 3D measurements of complex shapes such as freeform
optical surfaces, since it requires no reference and provides
a large dynamic range. However, it needs relatively complic-
ated calibration for surface reconstruction and the errors in the
slope measurement will significantly propagate into the result-
ant surface profile.

On the other hand, surface-measuring techniques, such as
phase shifting interferometry [10–12] and coherence scan-
ning interferometry [13–15], measure the surface profile dir-
ectly by converting the phase information into the surface
height. So the calibration work is not tricky and complex
compared to slope-measuring techniques. But the surface-
measuring approach has difficulties with measurements due to
poor fringe visibility or too dense fringe patterns because the
optical path difference (OPD) between the reference and the
measurement increases considerably when it comes to com-
plex shape measurements [16].

Recently, LuphoScan [17] and NANOMEFOS [18] have
shown remarkable progress as point-cloud optical metrology
solutions for the 3D measurement of complex surface shapes
with high accuracy, but these point-by-point methods are rel-
atively time-consuming and require many expensive sensors
with high accuracy. To overcome these technical limitations,
we propose a subaperture stitching wavelength scanning inter-
ferometry, for full coverage measurement of complex-shaped
optics. A wavelength tunable laser is used to minimize the
mechanical error sources due to moving parts during the meas-
urement [19–21]. To obtain good visibility of the fringe pat-
tern even for freeform surfaces, we keep the optical probe
perpendicular to the surface slope and obtain good quality
coverage of fringes during the wavelength scan using high
accuracy multi-axis position stage. Here, the surface slope for
each measurement is calculated in advance from the surface
equation provided by the manufacturer. Based on this inform-
ation, we control the multi-axis position stage to obtain the
best visibility of fringe patterns by maintaining the perpen-
dicular geometrical relation between the optical probe and the
surface. Then, the full-aperture surface map is reconstructed
by combining or stitching together multiple subaperture maps
[22–24].

2. Subaperture stitching wavelength scanning
interferometry

Figure 1 shows a schematic diagram of our proposed method.
The rotating ground glass diffuser (RGGD) is placed near the
focal point of the illumination optics to reduce speckle noise,
and a beam passing through the illumination optics is reflec-
ted from the beam splitter (BS). Then, this reflected beam
enters the Michelson-type interferometric objectives (MIO)

and is divided into the reference beam and the measurement
beam, respectively. Here, the illumination optics is designed
as Köhler illumination to provide a uniformly illuminated field
of view of the target and the reference mirror at the same
time. In the MIO, the two reflected beams from the refer-
ence flat and the measurement target are recombined. Then
an interference pattern is created and delivered to a charge
coupled device (CCD) camera for data processing via imaging
optics. Here, the OPD between the measurement and the refer-
ence is modulated via a wavelength scan instead of a mechan-
ical scan. When the OPD is small, the modulation frequency
is small, and conversely, the larger the OPD, the larger the
modulation frequency. So the OPD can be specified by the
modulation frequency of the interference fringe pattern. The
wavelength swept range is 16 nm, from 765 nm to 781 nm
and its corresponding linewidth is less than 3.98 × 10−7 nm.
During the wavelength scan, the output power is controlled to
stay constant without any abrupt changes via constant power
mode operation.We obtain 160 interference fringe patterns for
each subaperture measurement and the camera frame rate is
38 frames s−1.

2.1. Basic principle of wavelength scanning interferometry

The interferogram intensity of the wavelength scanning inter-
ferometer can be described as [5]

I(x,y;k) = a(x,y;k)+ b(x,y;k)cos [2(k−k0)h(x,y)+2kΛ]

= a(x,y;k)+ b(x,y;k)cos [Φ(x,y;k)+ 2kΛ]

= a(x,y;k)+ c(x,y;k)e j2kΛ + c(x,y;k)∗e−j2kΛ, (1)

where a(x,y;k) and b(x,y;k) are the slow-varying spectral
background and spectral fringe visibility at each pixel, respect-
ively. c(x,y;k) is 1

2b(x,y;k)e
jΦ(x,y;k), k is the wavenumber

defined as 2π/λ, k0 is the initial wavenumber defined as
2π/λ0, λ and λ0 are the wavelength of source and the start-
ing wavelength, respectively. Λ is the additional spectral car-
rier component induced by increasing the OPD between the
reference and the target, and h(x,y) represents the target sur-
face. In order to extract the phase of the interference signal,
Φ(x,y;k), the Fourier transform technique is used. In general,
as the OPD between the beams in theMIO increases, the fringe
visibility gets worse. Here, the intensity of the interferogram
is modulated by the spectral carrier frequencyΛ, which is pro-
portional to the OPD as the wavelength of the light source is
tuned. To extract the phase of the interference signal via the
Fourier transform technique, we need to obtain more than two
cycles of a sinusoidal interference over the wavelength scan.
So we adjust the OPD so as to get roughly three cycles of
a sinusoidal interference. The Fourier transformed signal of
I(x,y;k) can be expressed as

FT [I(x,y;k)] = A(x,y; fk)+C(x,y; fk−Λ)+C(x,y; fk+Λ)
∗
,

(2)
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Figure 1. Schematic diagram of subaperture stitching wavelength scanning interferometry for 3D surface measurement of complex optics;
TL: tunable laser, RGGD: rotating ground glass diffuser, BS: beam splitter, MIO: Michelson-type interference objectives, ref.: reference
flat, CCD: charge coupled device.

where, A(x,y; fk) and C(x,y; fk) denote the Fourier transforms
of a(x,y;k) and c(x,y;k). C(x,y; fk) and its complex conjug-
ate C(x,y; fk)

∗are separated by the amount of Λ in the pos-
itive and negative domain, respectively. The phase informa-
tion of Φ(x,y;k) can be obtained through the double-Fourier
transformmethod. After applying a suitable windowfilter such
as the Hanning window into equation (2), C(x,y; fk) can be
selectively extracted. And then the inverse Fourier transform
of C(x,y; fk) gives

FT−1 [C(x,y; fk)] = FT−1FT

[
1
2
b(x,y;k)ejΦ(x,y;k)

]
=

1
2
b(x,y;k)ejΦ(x,y;k). (3)

Then, Φ(x,y;k) can be extracted by taking the logarithmic
function and finding the imaginary part sequentially

imag

[
ln

(
1
2
b(x,y;k)ejΦ(x,y;k)

)]
= imag

[
ln

(
1
2
b(x,y;k)

)
+ jΦ(x,y;k)

]
=Φ(x,y;k) .

(4)

Hence, the surface profile of the target can be calculated by
the derivate of Φ(x,y;k) with k as

h(x,y) =
1
2
∂Φ(x,y;k)

∂k
. (5)

2.2. Subaperture stitching technique using multi-axis
positioning stage

Interferometric measurement of freeform surfaces is still a
challenge owing to too dense or invisible fringes. To overcome
these problems, we propose a subaperture stitching technique
using the high-accuracy multi-axis position stage. We keep the
optical probe perpendicular to the surface slope during subap-
erture measurement by rotating and translating the target sur-
face around a fixed pivot position. We selected a pivot pos-
ition at an arbitrary point on the target surface and fixed it.
Figure 2 shows how to control the target position in order to
maintain the perpendicular geometrical relation between the
probe and the surface slope for the subaperture measurement.
This schematic diagram presents only the YZ plane, and it is
similar to the XZ plane. First, we rotated the target around the
pivot point until the probe was perpendicular to the measuring
subaperture area. Here, the rotation angle can be calculated
using the normal vector n̂ of subaperture area and n̂ can be
easily obtained from the surface design value provided by a
manufacturer. Next, we moved the target along the y- and z-
directions for subaperture measurement with good visibility
fringes.

As described above, each subaperture measurement is per-
formed bymaintaining the perpendicular relationship between
the optical probe and the surface slope. During the subaper-
ture measurement, a series of interference patterns with good
visibility are continuously obtained by using a rotation matrix
around the pivot point, and the rotation matrix can be derived

3
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Figure 2. Subaperture measurement procedure described from the viewpoint of the YZ plane: calculation of (a) rotation angle Rx(θ),
(b) Y-translation distance ∆y, (c) Z-offset distance ∆z from a fixed pivot position based on the surface normal vector to the area to be
measured, and (d) setup ready for the next subaperture measurement after the measurement position is moved from P(x,y,z) to
P ′ (x+∆x,y+∆y,z+∆z).

from the surface shape equation in the Cartesian coordinate
system.

F(x,y,z) = constant, or z= f(x,y) . (6)

The normal vector to the above surface is given by

n̂=∇F(x,y,z) =
(
∂F
∂x

,
∂F
∂y

,
∂F
∂z

)
= (l,m,n) . (7)

Then, the direction cosines of the normal vector n̂ are

α= cosθx = l√
l2+m2+n2

β = cosθy = m√
l2+m2+n2

γ = cosθz = n√
l2+m2+n2

.

(8)

Once the direction cosines are calculated, we can determine
a 4 × 4 rotation matrix in the YZ plane, expressed as

Rx (θy) =


1 0 0 0
0 cos(90− θy) −sin(90− θy) 0
0 sin(90− θy) cos(90− θy) 0
0 0 0 1

 . (9)

In a similar way, the rotation in the XZ plane can be calcu-
lated as

Ry (θx) =


cos(90− θx) 0 sin(90− θx) 0

0 1 0 0
−sin(90− θx) 0 cos(90− θx) 0

0 0 0 1

 . (10)

Then, when the sample is translated by ∆x and ∆y in the x
and y directions, the offset distance ∆z and its corresponding
translation matrix can be calculated as

T(∆x,∆y,∆z) =


1 0 0 ∆x
0 1 0 ∆y
0 0 1 ∆z
0 0 0 1

 ,

∆z= f(x+∆x,y+∆y)− f(x,y) . (11)

Using equations (9)–(11), we can combine these 3D trans-
form matrices to represent complicated transformations with
a single transform matrix, as follows:

M(∆x,∆y,∆z,θx,θy) = T(∆x,∆y,∆z)Ry (θx)Rx (θy) .
(12)

So the next subaperture measurement position
P ′ (x+∆x,y+∆y,z+∆z) can be calculated from the pre-
vious measurement position P(x,y,z)

P ′ (x+∆x,y+∆y,z+∆z)=M(∆x,∆y,∆z,θx,θy)P(x,y,z).
(13)

Hence, we can keep the optical probe perpendicular to the
surface slope in order to obtain good visibility fringes dur-
ingmeasurement using the 3D transformmatrix from equation
(13). By doing this, we can extend the effective aperture and
dynamic range by stitching many subapertures of the sur-
face together to synthesize a full aperture map. As shown in

4
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figure 3, we can obtain good quality interference images at
each subaperture measurement. So the full coverage, even on
complex-shaped parts, is possible. Because the relative pos-
ition of each subaperture measurement is not known exactly
due to stage motion errors, there are some measurement errors
when synthesizing a full aperture map from a series of over-
lapped subaperture maps. We used a six-axis stage to allow
precise positioning with nanometer resolution and a six DOF
(degree-of-freedom) stitching method was implemented to
compensate the unexpected uncertainty errors that occurred
during the stitching process.

Typically, a stitching method is based on matching three
parameters (3 DOF) of planes representing height maps
between the overlapped areas of adjacent subaperture meas-
urement results. In this case, the plane can be defined as

z= ax+ by+ c, (14)

where a and b are the slopes of the plane along x and y axes,
respectively, and c is the height offset. Then, the overlapping
region between two adjacent planes (m- and n- planes) can be
described as

zm,n = am,nx+ bm,ny+ cm,n,
zn,m = an,mx+ bn,my+ cn,m.

(15)

The subscription (m, n) means the parameters of the m-
plane in the region overlapping with the n-plane, and (n, m) is
vice versa. For successful stitching, the slopes and the offsets
of zm,n and zn,m should be the same, which means they should
be adjusted in one of the planes. With the operation of match-
ing the planes in the overlapping region, the whole height map
can be reconstructed from the subaperture measurement res-
ults.

However, the most important issue in this three DOF stitch-
ing method is the lateral coordinate of (x, y) which should be
precisely determined. If the (x, y) errors including the axial
rotation (θz) are involved in the measurement result, the whole
height map can be distorted. To overcome this limitation, in
this investigation the six DOF stitching method to compensate
the lateral position and axial rotation errors is applied with an
iterative procedure. First of all, the overlapping region based
on the adjacent measurement results is determined, and the
corresponding planes (zm,n and zn,m) are adjustedwith the three
DOF stitching method as the same. Then, the height maps of
zm,n and zn,m are compared with each other, and the best lat-
eral positions are determined based on optimization with the
following objective function.

F(∆x,∆y,∆θz) =
∑

[Hm,n (x,y,θz)−Hn,m (x+∆x,y

+∆y,θz+∆θz)]
2
. (16)

where H represents the height map corresponding to the plane
z. ∆x, ∆y, and ∆θz are the lateral positions and axial rotation
changes. After the lateral positions of the subaperture height
maps are calibrated, the three DOF stitching method is applied
to the calibrated height maps, and the whole height map can
be reconstructed.

Figure 4 shows a performance comparison of the three
DOF and six DOF stitching methods. In case the position-
ing errors are included in each subaperture measurement, the
specific points in the height map reconstructed by the three
DOF method are blurred and misaligned, but they are exactly
stitched and well aligned with each other by the six DOF
method.

Generally, the overlapping ratio between two adjacent
subapertures needs to be set larger than 30% for the stitch-
ing method [22]. In this paper, we obtained subaperture height
maps with an overlapping ratio of approximately 30%.

3. Experimental results

We measured several representative samples to verify the
optical performance of our proposed system. Before meas-
urement, the optical system was calibrated by comparing the
measurement value performed by our system in tests with
step-height standards of known accuracy. Then, measurements
were performed on various test samples, such as spherical,
aspherical, and parabolic surfaces to verify the system per-
formance in comparison with a well-known stylus profiler.
Table 1 shows the system specification used in this investig-
ation, and details about the system calibration and verification
are described as follows.

3.1. Step-height standards measurement for system
calibration

We used a NIST traceable step height standard (SHS-880QC
byVLSI Standards Inc.) to calibrate our proposed system. This
step-height specimen has a nominal value of 88.7 nm with a
standard uncertainty of 1.3 nm. We measured the step-height
standards 10 times and the average height was 88.9 nm with a
standard deviation of 1.74 nm. The step height measurement
result by our proposed method was well matched to the certi-
fied height value. Measuring a step height does not give us a
guarantee for the measurement of complex surfaces, and the
uncertainty evaluation for surface measurement is very com-
plicated [25]. In this paper, we only considered the contribu-
tion of the repeatability to uncertainty and measured several
representative samples including spherical, aspherical, even
parabolic off-axis mirrors to demonstrate the measurement
ability for complex surfaces.

3.2. Various sample measurements for verification of system
performance

Our proposed method was verified by measuring several rep-
resentative samples from spherical and aspherical surfaces
to even off-axis parabolic surfaces, and we compared our
measurement results with those of a commercial profilo-
meter (UA3P-5). We also extended the effective aperture and
dynamic range of the wavelength scanning interferometry by
combining and stitching the individual subaperture data sets
for a synthesized large-aperture measurement. The general
shape equation for a lens surface can be expressed as

5
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Figure 3. Subaperture stitching technique for extending the effective aperture and dynamic range.

Figure 4. Comparison of three DOF and six DOF stitching methods: (a) subaperture measurement results when the positioning errors are
included, (b) reconstructed whole height map of (a) with three DOF stitching method, and (c) reconstructed whole height map of (a) with
six DOF stitching method.

z=
Cr2

1+
√

1− (1+K)C2r2
+A4r

4+A6r
6+A8r

8+ · · ·+Air
i,

(17)

whereC denotes the curvature of the surface, r is the radial dis-
tance from the optical axis, K is a constant called conic coef-
ficient. Depending on the conic coefficient, the lens shape dif-
fers. For example, K = 0 means a spherical surface, K = −1
is a parabolic surface, K > 0 or −1 <K <0 means ellipsoid,
and finally K < −1 means a hyperbolic surface. Ai is the ith

aspheric coefficient, whichmeans the degree of deviation from
the conical surface.

Figure 5 shows the measurement result of an aspheric mir-
ror where the radius of curvature at the aspheric equation
was R = 51.95 mm, conic coefficient K = 2.309, aspherical
coefficients Ai = 0. As shown in figure 5(a), we acquired
the extended full aperture area by stitching the data sets of
72 local regions of the aspherical shape, while the measure-
ment probe was kept perpendicular to themeasurement region.
After obtaining the stitched full aperture map, the radius of

6
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Figure 5. Measurement results of a convex aspheric lens surface: (a) reconstructed 3D surface profile after stitching subaperture
measurement results and the residual error map of (b) our proposed method and (c) the UA3P-5 method after subtracting a best-fit model.

Figure 6. Measurement results of an off-axis parabolic mirror surface: (a) reconstructed 3D surface profile using our proposed method and
(b) comparisons of our measurement results with those of the UA3P-5 method.

7
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Table 1. Specifications of the optical system used for experiments.

Item Specification

Wavelength tuning range 765 nm to 781 nm
Interference objectives 5 magnification with 0.13 N.A.
Six-axis hexapod stage Travel range X(±17 mm), Y(±16 mm), Z(±6.5 mm), θx

(±10◦), θy (±10◦), θz (±21◦)
Repeatability (RMS, ±1σ) X(±150 nm), Y(±150 nm), Z(±60 nm), θx

(±2 µrad), θy (±2 µrad), θz (±3 µrad)
Field of view (subaperture) 1.13 mm × 0.952 mm
Camera resolution 1024 × 1224

Table 2. Comparisons between our method and a commercial
instrument.

Radius of curvature RCoefficients of lens
surface Our method (±1σ) UA3P-5

R = 51.95 mm,
K = 2.309

52.38 ± 0.01 mm 52.19 mm

R = 100 mm, K = 0 100.41 ± 0.01 mm 99.96 mm
R = 150 mm, K = 0 150.52 ± 0.01 mm 150.18 mm
R = 200 mm, K = 0 200.86 ± 0.01 mm 199.94 mm

curvature was measured to be 52.38 mm by fitting the aspher-
ical model of equation (17) into the synthesized full aperture
measurement result. Figures 5(b) and (c) show the residual
error maps corresponding to our method and the UA3P-5 com-
mercial instrument after subtracting a best-fit model, respect-
ively. These resultant residual error maps show similar trends
where a PV of our method was 0.859 µm and that of UA3P-5
was 0.874 µm.

To evaluate the performance of our proposed technique, we
repeatedly performed the measurement for each subaperture
10 times. The repeatability of all individual subaperture meas-
urements is less than 24 nm because the stability of the inter-
ferogram is guaranteed during the subaperture measurement.
Also, the radii of curvature of each sample were repeatedly
measured 10 times and we indicated the repeatability of each
measurement result. The data acquisition time for each subap-
erture is less than 5 s and the measurement and calculation
time for 72 subapertures is nearly 23 min. Table 2 summarizes
the measurement results compared with reference data from
UA3P-5.

As shown in table 2, the measured values of our method are
consistent with those of the UA3P-5 for spherical and aspher-
ical surfaces with various radii of curvature.

Next, we measured an off-axis parabolic mirror surface
as a representative example of a freeform surface and a 3D
surface profile map was reconstructed by stitching 100 over-
lapped subaperture data maps. The data acquisition time for
each subaperture is less than 5 s and the measurement and cal-
culation time for 100 subapertures is about 30 min. Figure 6
shows the full-aperture stitch result and its comparison results
with UA3P-5 method. The comparisons of the two methods
at the α-α′ and β-β′ lines show that our measurement res-
ults are well matched to the UA3P-5 results and the maximum

deviation between these two results is estimated to be less than
0.43 µm.

4. Conclusion

In summary, we propose a new scheme of subaperture
stitching wavelength scanning interferometry for the complete
coverage of complex-shaped optics. To obtain good fringe
visibility, each subaperture measurement is performed while
keeping the optical probe perpendicular to the surface slope
and the position of the sample in the XYZ coordinate is calcu-
lated using a 3D transformation matrix. We rotate and trans-
late the sample around a well-defined pivot point using a six-
axis positioning stage with nanometer precision. Also, a six
DOF stitching technique is used to minimize stitching errors.
To verify our proposed method, we measured several rep-
resentative examples of spherical, aspherical, and parabolic
surfaces and compared the measurement results with a com-
mercial tactile UA3P instrument. The difference between the
measurements using the two methods was small, and the com-
parison results matched each other well. We anticipate that
our proposed subaperture stitching wavelength scanning inter-
ferometry can be an alternative tool for 3D measurements of
complex-shaped optics, such as freeform surfaces.
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