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ABSTRACT

In this paper, Laplace decomposition method (LDM) and Pade approximant are employed to find approximate solutions
for the Whitham-Broer-Kaup shallow water model, the coupled nonlinear reaction diffusion equations and the system of
Hirota-Satsuma coupled KdV. In addition, the results obtained from Laplace decomposition method (LDM) and Pade

approximant are compared with corresponding exact analytical solutions.

Keywords: Nonlinear System of Partial Differential Equations; The Laplace Decomposition Method; The Pade
Approximation; The Coupled System of the Approximate Equations for Long Water Waves; The
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1. Introduction

The Laplace decomposition method (LDM) is one of the
efficient analytical techniques to solve linear and nonlin-
ear equations [1-3]. LDM is free of any small or large
parameters and has advantages over other approximation
techniques like perturbation. Unlike other analytical tech-
niques, LDM requires no discretization and linearization.
Therefore, results obtained by LDM are more efficient
and realistic. This method has been used to obtain ap-
proximate solutions of a class of nonlinear ordinary and
partial differential equations [1-4]. See for example, the
Duffing equation [4] and the Klein-Gordon equation [3].
In this paper, the LDM is applied to, the Whitham-Broer-
Kaup shallow water model [5]
u =-uu, -v, —Bu,,
: p 0

V, =-Vu, —uv, — v, —au

XXX 2

with exact solution are given in [5] as

U(xt)=2+2kya+p* tanh(k(x-At)+7,),
v(x,t)=2k2(a+ﬁ’2 —bﬂ«/a+ﬂ2) @)
—2k2(a+,32 —ofa+p? )tanh(k(x—/lt)+y, )2,

and the coupled nonlinear reaction diffusion equations
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(6],

2
u, =ku,, +u-v, — gu,

) 3)
v, =kv,, —u’v, + Su,
with exact solution are given in [6] as
_ 2
u(x,t):ﬂc(l—tanh(BTMt—cxH,
B +4c’k B —4c’k @
+4cC —4C
v(X,t)=———++2kctanh| ————t—cx |,
() 24/2ke ( 2 ]
and thesystem of Hirota-Satsuma coupled KdV [7].
U, =%uxxx —-3uu, +3vw, +3wv,,
Vi = Vi +3UVX, (5)
W, = —W,,, +3Uw,,
with exact solution are given in [7] as
1
u(x,t)=—(B-2k*)+2k*tanh?| k(x+ gt) |,
(x)=5(8-2¢’) [k(x+ )]
—4kc, (B+K*) 4k (B+K)
v(Xx,t)= + tanh| k(x+ St) |,
w(x,t)=c, +¢ tanh[ k(x+At)],
(6)
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we discuss how to solve Numerical solution of nonlinear
system of parial differential equations by using LDM. The
results of the present technique have close agreement with
approximate solutions obtained with the help of the
Adomian decomposition method [8].

2. Laplace Decomposition Method

aa‘j g (6 R (U)+ N, (U)i= 120, (D)

where U =[u,,u,,---,u, ],
with initial condition

u; (x,0) f(x), (8)

the method consists of first applying the Laplace trans-
formation to both sides of (7)

£[66Ltl} £[ g, (xt)]

©))
+‘£[Ri (U)+Ni(u)], i=12,---,n,
using the formulas of the Laplace transform, we get
se[U]-f (x)=£[ g, (x.t)]
(10)
+£|:Ri (U)+NI(U)]’ i=1,2,~~-’n,

in the Laplace decomposition method we assume the
solution as an infinite series, given as follows

u=>u,, (11)
n
where the terms U, are to be recursively computed.
Also the linear and nonlinear terms R, and
N;,i=1,2,---,n is decomposed as an infinite series of
Adomian polynomials (see [8,9]). Applying the inverse
Laplace transform, finally we get

U=£¢" [é( f,(x)+£[ g, (x.1)]
(12)
+#£[R(U)+N,(U)])], i=1,2.n,

3. The Pade Approximant

Here we will investigate the construction of the Pade
approximates [10] for the functions studied. The main
advantage of Pade approximation over the Taylor series
approximation is that the Taylor series approximation
can exhibit oscillati which may produce an approxima-
tion error bound. Moreover, Taylor series approxima-
tions can never blow-up in a fin region. To overcome
these demerits we use the Pade approximations. The

Copyright © 2013 SciRes.

Pade approximation of a function is given by ratio of two
polynomials. The coefficients of the polynomial in both
the numerator and the denominator are determined using
the coefficients in the Taylor series expansion of the
function. The Pade approximation of a function, symbol-
ized by [m/n], is a rational function defined by

; (13)

2 m
[m}z 3, +a,X+a,X’ +--+a,X

n 1+bx+b,x* +---+b x"

where we considered by = 1, and the numerator and de-
nominator have no common factors. In the LD-PA method
we use the method of Pade approximation as an after-
treatment method to the solution obtained by the Laplace
decomposition method. This after-treatment method im-
proves the accuracy of the proposed method.

4. Application

In this section, we demonstrate the analysis of our nu-
merical methods by applying methods to the system of
partial differential Equations (1), (3) and (5). A com-
parison of all methods is also given in the form of graphs
and tables, presented here.

4.1. The Laplace Decomposition Method

Exampe 1. The Whitham-Broer-Kaup model [5]
To solve the system of Equation (1) by means of
Laplace decomposition method, and for simplicity, we

take {i:%,k:2,a:3,ﬂ:1,e:l,yl:0}, we con-

struct a correctional functional which reads

(14)

1
+—£[-vu, —uv, -V,

S _3uxxx]9

we can define the Adomian polynomial as follows:

n

A1 zuunlx’ n Z

i=0

n
(n-i)x> n :Zuiv(n—i)w (15)
i=0
we define an iterative scheme
1
‘£[un+1 ] = g£[_A1 _an _unxx]’

(16)

£[Von]= £[ B,-C, -V, —3u

NXXX ] >
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terms as Equation (18), and Figures 1(a) and (b) show
the exact and numerical solution of system (1) with 16"

terms by (LDM).

applying the inverse Laplace transform, finally we get

Equations (17). Similarly, we can also find other com-

ponents, and the approximate solution for calculating 16"

place

v La

(b)

1), -10<x<10,-1<t

<1; (b) Exact and numerical solution of v (X, t), =10 <

9

Figure 1. (a) Exact and numerical solution of u(x

Xx<10,-1<t<1.
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Example 2. coupled nonlinear RDEs [6]

To solve the system of Equation (3) by means of
Laplace decomposition method, and for simplicity, we
take {k=2,c=1,4=10}, we construct a correctional
functional which reads

£[u] :éu(0)+%£[2uXX +U%v, —10u],

| ) (19)
£[v]= gv(0)+;£[2vxx -u’v, +10u},
we can define the Adomian polynomial as follows:
n
A1 = Zuizv(n—i)x’ (20)
i=0
we define an iterative scheme
1
£[u,,] :;£[2unxx +A —10u, ],
@21

£[Vy]= éﬁ[ZVm - A, +10u,],
applying the inverse Laplace transform, finally we get

Uy (X,t) =2+2tanh(Xx), v, (x.t) :%—Ztanh(x),

2t 2t
u(x,t)=——— v (x,t)=——,
1( ) cosh(x)2 1( ) cosh(x)2
2 2 .
UZ(X,t):—zt smh(z()’ (% :2t smh()}()’ 22)
cosh(x) cosh(X)
) (xt)——gt3 (-3+2c0sh(x)7)
R cosh(x)4 ’
. (x t)— 2t3(—3+2005hcosh(x)2)
R 3 coshcosh(x)4 C

similarly, we can also find other components, and the
approximate solution for calculating 16" terms as fol-
lows:

2t 2t? sinh ( X)

u(x,t)=2+2tanh(x)—

cosh(X)2 cosh(x)3

ot (-3+2c0sh(x)")

3 cosh(x)4 23)

2 .
V(t) = 2~ 2tanh (x) + — 2, S0 ()

2 cosh(x)”  cosh(x)
+gt3 (—3+2cosh(x)2)

3 cosh(x)4 ’

and Figures 2(a) and (b) show the exact and numerical
solution of system (3) with 16™ terms by (LDM).

Copyright © 2013 SciRes.

Example 3. Hirota-Satsuma coupled KdV System
(7]

To solve the system of Equation (5) by means of
Laplace decomposition method, and for simplicity, we
take {k=/4=c,=c =1}, we construct a correctional
functional which reads

£[u]= lu(0)+§£BuXXX -3uu, +3vw, +3wvx},

s
£[v] =év(0)+§£[—vXXX +3uv, ], (24)
£[w]= éw(o) +§£[—wXXX +3uw, |,

we can define the Adomian polynomial as follows:

n

Ah = zuiu(n—i)x’ Bn = Zviw(n—i)x’cn = ;Wiv(n—i)x’
i=

i=0 i=0 (25)
D, = Zuiv(n—i)x’ By = 2 UiW i
i=0 i=0
we define an iterative scheme

£[un+1 ] = l£l:%unxxx _3A1 +3Bn +3Cn:|’
S
1

£[Vn+1] :g£[_vnxxx +3Dn]’ (26)
1

£[Wn+1] = §£[_anxx + 3En ]’

applying the inverse Laplace transform, finally we get

Uy (X,t)= —%+2tanh(x)2, Vo (X,t) = —§+§tanh(x),

W, (X,t) =1+ tanh(x), ul(x’t):‘uLh(X)’
cosh(x)
8 t t
vV (Xt)=————, W (X t)=————,
) 3cosh(x)z () Cosh(x)2
22 (2 cosh (x)’ _3)
Uz(X,t):— COSh(X)4 ,
8 t? sinh (X t? sinh (X
Vz(X,t):—g—(g, Wz(X,t):——(J’
cosh(x) cosh(X)
sl
T 3 cosh(x)5 ’
g t’ (2 cosh ()’ —3)
vy (x,t)= —7
9 cosh(x)
w (X t)— 1 t3(2cosh(x)2 —3)
B! cosh(x)4 ’
(27)
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Figure 2. (a) Exact and numerical solution of u(x, t), -10 <x <10, -1 <t <1; (b) Exact and numerical solution of v(x, t), =10 <

Xx<10,-1<t<1.

similarly, we can also find other components, and the ap-
proximate solution for calculating 16™ terms as follows:
4tsinh ( X)

cosh (x)’

2t (2 cosh(x)” - 3) gt’ (cosh(x)2 —3)sinh(x) .

u(x,t)= —§+2tanh(x)2 +

4 + 5
cosh () 3 cosh(X)
v(x,t) =—l+2tanh(x)2 +4tLh(x3)
3 cosh(x)
2t*(2cosh(x)" -3) g t*(cosh(x)" ~3)sinh(x)
- +
cosh(x)4 3 cosh(x)5
2 .
W(x,t)=1+tanh(x)+ t z—t Smh(x)
cosh(x)”  cosh(x)
1 t? (2cosh(x)2 —3)
+_ y +...,
3 cosh(x)

(28)

Copyright © 2013 SciRes.

and Figures 3(a)-(c) show the exact and numerical so-
lution of system (5) with 16™ terms by (LDM).

4.2. The Pade Approximation

In this section we use Maple to calculate the [3/2] the Pade
approximant of the infinite series solution (18), (23), and
(28) which gives the rational fraction approximation to the
solution, and Figures 4(a)-(c) show the results obtained
by the Pade approximant (LD-PA) solution of systems (1),
(3) and (5), and Figures 5(a)-(¢) show comparison be-
tween the exact solution, LDM solution and the Pade
approximant (LD-PA) solution of systems (1), (3) and (5)
at,X =5, —1 <t < 1. Tables 1-3 show the absolute error
between the exact solution and the results obtained from
the, LDM solution and the Pade approximant (LD-PA)
solution of systems (1)-(3).

5. Conclusion

The Laplace decomposition method is a powerful tool

AJCM
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Figure 3. (a) Exact and numerical solution of u(x, t),

x<10,-1<t<1
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9x107
8.49999995+ 8§x 107
] 7x107
8.49999990- 6% 107
] 5x107
8.49999985 4x107
E 3x107
8.49999980 2x107
1x107
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-1 -05 0t 05 1 i %5 0 05 :
t
| °  u(x,t) exact u(x, t) LDM °  u(x, t) numapprox: -pade | | °  v(x,t) exact v(x, t) LDM ¢ v(x, t) numapprox: -pade
(@
3.9998 250127
3.9996 2.50104
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| ° u(x,t) exact u(x, t) LDM ¢ u(x, t) numapprox: -pade I | o v(x,t) exact v(x, t) LDM ¢ v(x, t) numapprox: -pade
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1.66651
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1.99994
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~0.00061 199987
1.66554 ~0.0008 1.99974
—0.00104
1.6650] 19996
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(©

Figure 5. (a) The exact, (LDM)and the Pade approximant (LD-PA) solution of u(x, t) and v(x, t) of example 1, X =5, -1 <t<1;
(b) The exact, (LDM)and the Pade approximant (LD-PA) solution of u(x, t) and v(X, t) of example 2, x =5, -1 <t <1; (c) The
exact, (LDM)and the Pade approximant (LD-PA) solution of u(x, t), v(x, t) and w(X, t) of example 3, x=5,-1<t<1.

which is capable of handling nonlinear system of partial proximate solutions for,the Whitham-Broer-Kaup shal-
differential equations. In this paper the (LDM) and Pade low water model, the coupled nonlinear reaction diffu-
approximant has been successfully applied to find ap- sion equations and thesystem of Hirota-Satsuma coupled

Copyright © 2013 SciRes. AJCM
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Table 1. The absolute error of u(x, t) and v(X, t) of example 1, X = 40.

t U, —Upy ‘ Ve —Viom ‘ U, — ULD*PA‘ Vee ~Vio pa
0 0 0 0 0
0.2 2.56 x 10°% 1.02 x 10°% 4.16x107" 1.66 x 1077
0.4 638 x107% 2.55x107% 3.79x 107 1.51x 107
0.6 1.20 x 107 483x10°% 6.24x 107 249 %107
0.8 2.06 x 107 824 x107% 5.14x107" 2.05x107°
1.0 332%x10°% 133 x 107" 290 x 1077 1.16 x 10°%
1.2 522%x10°% 2.08 x 107 1.29 x 10°% 5.16 x 10°%
1.4 8.05x 107 321 x10°% 4.81x10% 1.92 x 107
1.6 1.22 x10°% 490 x 107 1.54 x 10°% 6.19 x 10°%®
1.8 1.85x 1079 742 %107 433 x 107 1.73 x 10°%
2.0 2.79 x 10°% 1.11 x 10°%¢ 1.05 x 10°% 422x10°%
Table 2. The absolute error of u(x, t) and v(x, t) of example 2, X = 40.

t U, _uLDM‘ Vee —Viom ‘ U, _uLD—PA‘ Ver =Vio pa
0 0 0 0 0
0.2 542%x107% 542%x107% 5.76 x 1074 576 x 1074
0.4 3.96 x 107+ 3.96 x 107+ 525%x 107 525%x 107
0.6 1.41 x10°% 1.41 x10°% 8.64x 1078 8.64 x 1078
0.8 5.95%x107% 5.95%x107% 7.12 %107 7.12 %1077
1.0 328 x107* 328 x107* 4.02 %107 4.02 %107
1.2 6.81x107% 6.81x107% 1.78 x 10°* 1.78 x 10°*
1.4 9.59 x 107# 9.59 x 107# 6.66 x 107 6.66 x 107
1.6 9.52 x 107" 9.52 x 107" 2.14 x 107 2.14 x 107
1.8 7.24x107% 7.24x107% 6.00 x 1073 6.00 x 107
2.0 4.46 x 107 4.46 x 107 1.46 x 107 1.46 x 107

183

Table 3. (a) The absolute error of u(x, t), v(X, t) and w(X, t) of example 3, X = 40; (b) The absolute error of u(x, t), v(x, t) and

W(X, t) of example 3, X = 40.

(@)
t U, —Ugpy ‘ Vet ~ Viom Weaer ~ Wiom ‘
0 0 0 0
0.2 4.76x107" 3.17x107 1.19x107*
0.4 7.95x107 5.30x107 1.98x107
0.6 1.00x107* 6.72x107 2.52x107"
0.8 1.15x107* 7.68x107° 2.88x107
1.0 1.24x107* 8.32x107* 3.12x107%
1.2 1.31x107™ 8.75x107" 3.28x107%
1.4 1.35x107* 9.03x107 3.39x107*
1.6 1.38x107* 9.23x107 3.46x107
1.8 1.40x107* 9.36x107 3.50x107*
2.0 1.41x107™ 9.44x107 3.54x107*
(b)

t Uy, —Upp o V, =V, W, — W, o
0 0 0 0
0.2 5.93x107" 3.97x10™" 1.20x107"
0.4 2.78x107 1.85x10™ 6.97x107™"
0.6 2.35x107* 1.57x107* 5.89x107
0.8 9.96x10™* 6.64x107" 2.49x107*
1.0 2.89x107 1.92x107 7.22x107*
1.2 6.63x10™ 4.42x1077 1.65x1077
1.4 1.30x107 8.66x107 3.25x107
1.6 2.27x107 1.51x107 5.68x10™
1.8 3.64x107 2.43x107 9.11x107
2.0 5.47x107 3.65x107 1.36x107

Copyright © 2013 SciRes.
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KdV. It was noted that the scheme found the solutions
without any discretization or restrictive assumption, and
it was free from round-off errors and therefore reduced
the numerical computations to a great extent.

(1]
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