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This paper investigates fixed points of Reich-Suzuki-type nonexpansive mappings in the context of uniformly convex Banach
spaces through an M* iterative method. Under some appropriate situations, some strong and weak convergence theorems are
established. To support our results, a new example of Reich-Suzuki-type nonexpansive mappings is presented which exceeds the
class of Suzuki-type nonexpansive mappings. The presented results extend some recently announced results of current literature.

1. Introduction

Fixed point theory and applications played an important role
in many areas of applied sciences and solved many problems
rising in engineering, mathematical economics and optimi-
zation. When the problem cannot be solved by ordinary
analytical methods, we transform it to the form of fixed point
problems and apply an appropriate iterative method to
obtain the required fixed point. In 1922, Banach [1] proved
that if T is contraction mapping on a closed subset K of a
Banach space, that is, || Ts — Ts'|| < a||s — s || for a fixed a €
[0,1) and s,s" € K, then T possesses a unique fixed point,
which can be obtained by using the Picard [2] iteration pro-
cess. In 1930, Caccioppoli [3] extended the Banach result to
the frame work of complete metric spaces. The Banach-
Caccioppoli results is an important tool for solving many
problems in fractional calculus, mathematical biology, math-
ematical economics, and engineering. Nevertheless, the con-
clusions of Banach-Caccioppoli result no more holds if one

replace the contraction condition of T by a nonexpansive
condition of T, that is, if one choose the value of =1 in
the contraction inequality, even the underlying space is a
Banach space. The first basic result concerning the existence
of a fixed point for the class of nonexpansive mappings was
independently proved by Browder [4] and Gohde [5]. They
proved that any nonexpansive mapping on a closed bounded
convex subset of a uniformly convex Banach space (in short
UCBS) always possesses a fixed point. The class of nonexpan-
sive mappings is an important extension of the class of con-
traction mappings. On the other hand, Suzuki [6]
introduced the notion of generalized nonexpansive mappings
by restricting the range of elements that satisfy the nonex-
pansive inequality: a selfmap T on a subset K of a Banach
space is said to be Suzuki-type nonexpansive if for all s, s’ €
K satisfying the condition 1/2||s— Ts||<||s—s'||, one has
the inequality ||Ts— Ts'| < ||s—s'||. Obviously, any nonex-
pansive mapping T belongs to the class of Suzuki-type non-
expansive mappings. Recently in 2019, Pant and Pandey [7]


https://orcid.org/0000-0002-8889-3768
https://orcid.org/0000-0002-6991-4287
https://orcid.org/0000-0002-8119-9546
https://orcid.org/0000-0001-9320-9433
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/8837317

introduced an interesting generalization of Suzuki-type non-
expansie mappings: a selfmap T on a subset K of a Banach
space is said to be Reich-Suzuki-type nonexpansive if for all
s,s' € K, satisfying the condition 1/2||s — Ts|| < ||s —s'||, one
can find a real constant c € [0, 1), such that || Ts— Ts'|| < c||s
—Ts|| +||s" = Ts"|| + (1 - 2¢)||s —s'||. The class of Reich-
Suzuki-type nonexpansive mappings is important, because
it properly contains the class of Suzuki-type nonexpansive
mappings as shown by an example in this paper. Unlike con-
traction mappings, Picard iterative process does not always
converge to a fixed point of a nonexpansive mapping T even
F(T)={peK:Tp=p}+ . For finding fixed points of
nonexpansive and generalized nonexpansive mappings,
many iterative processes are available in the literature (see,
e.g., Mann [8], Ishikawa [9], Agarwal et al. [10], Noor [11],
Abbas and Nazir [12], and Thakur et al. [13]). For more
details on this direction, we shall refer the reader to [14-18].
Recently, Ullah and Arshad [19] introduced a new
iterative process called M* iterative process, as follows:

s, €K,

Zy = (1 _pn)sn + PnTsn’
In = T((l - 8n)sn +8nTZn)’

Sl = Tyn)

They proved that M* iterative process can be used for
finding fixed points of Suzuki-type nonexpansive mappings.
With the help of a numerical example, they proved that M~
iterative process converges faster that all of the Mann,
Ishikawa, Agarwal, Noor, Abbas, and Thakur iterative
processes. In this paper, we extend their results to the general
setting of Reich-Suzuki-type nonexpansive mappings.

2. Preliminaries

This section is consists of some basic definitions and earlier
results, which are needed in sequel.

Definition 1. Let {s,} be a bounded sequence in a Banach
space X and @+ K € X. The asymptotic radius of {s,} wrt
to K is r(K,{s,})=inf {limsup, . |ls, —w|: weK}.
Moreover, the asymptotic center of {s,} relative to K is the
set A(K,s,})={weK :limsup, |s,-w|=r(K,s,)}.

Remark 2. In Banach spaces, the set A(K, {s,}) is singleton
provided that X is uniformly convex [20]. Moreover, the set
A(K, {s,}) is convex provided that K is weakly compact
and convex (see, e.g., [21, 22]).

Definition 3 (see [23]). A Banach space X is said to be
endowed with an Opial’s property provided that for any
sequence {s,} in X which weakly converges to s € X and for
each element w of X - {s}, it follows that

lim sup||s, — s|| <lim sup||s, — w||. (2)

n—~o00 n—=aoo
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The following result gives many numbers of Reich-
Suzuki-type nonexpansive mappings.

Lemma 4 (see [7]). Let K be a nonempty subset of a Banach
space and let T : K — K be a Reich-Suzuki-type nonexpan-
sive mapping. Then, T is also Suzuki-type nonexpansive
mapping with a real constant ¢ = 0.

Lemma 5 (see [7]). Let K be a nonempty subset of a Banach
space and let T : K — K be a Reich-Suzuki-type nonexpan-
sive mapping. Then, for all p € F(T) and s € K, we have ||Ts

—pli<lis=pll

Lemma 6 (see [7]. Let K be a nonempty subset of a Banach
space and let T : K — K be a Reich-Suzuki-type nonexpan-
sive mapping. Then, for all s,s' € K, we have ||s— Ts'|| < (3
+c/l=c)||s=Ts|| +||s—s"].

Lemma 7 (see [15]). Let T be a Reich-Suzuki-type nonexpan-
sive mapping on a subset K of a Banach space X with the Opial
property. If {s,} converges weakly to q and lim Is,— T
s,|| =0, then q € F(T).

n—=~oo

We recall an important result of Schu [24].

Lemma 8. Let X be a UCBS and 0<a<d,<b<1 forall n
eN. If {g,} and {h,} are two sequences in X such that
lim sup,, oyl g, || < & Tim sup, [, || <& and lim
d,g,+(1-d,)h,| =& for some &>0, then lim
hall =0,

P’l—?OO”

n—»oo”gn -

3. Convergence Theorems in Uniformly Convex
Banach Spaces

This section deals with some weak and strong convergence
results. First, we give the following key lemma, which will
play an important role in the sequel.

Lemma 9. Let K be a nonempty closed convex subset of a
Banach space X and let T : K — K be a Reich-Suzuki-type
nonexpansive mapping with F(T) # &. For arbitrarily chosen
s; €K, let the sequence {s,} be defined by (1); then,
lim — q|| exists for all q € F(T).

n—»ooHSn

Proof. Suppose q € F(T). By Lemma 5, we have

[$2e1 —all = 1Ty, —all < ly, —qll = IT((1 = 8,)s, +6,Tz,) - 4|
<[[(1=8,)s,+6,Tz, —q| < (1-8,) s, — qll +8,/|z, — 4l
=(1=38,)lIsa —qll +0,([(1 = pu)s, + puTs, —dll)
< (1=8,)lIsy —all +8,((1 = p)lls, —all + pull Ts, —4l])
S(1=8,)llsy = qll +8,((1 = p,)lls, — gl + pulls, — all)
=(1=8,)lIs, —qll + 8,(lls, — all) = lls, — 4ll-

(3)

Thus, {||s, —gl|} is bounded and nonincreasing, which
implies that lim — g|| exists for each g € F(T).

i’l*?OOHsi’l
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Now, we establish the following theorem, which will be
used in the upcoming strong and weak convergence results.

Theorem 10. Let K be a nonempty closed convex subset of a
UCBS X and let T : K — K be a Reich-Suzuki-type nonex-
pansive mapping. Let {s,} be the sequence defined by (1).
Then, F(T) #+ @ if and only if {s, } is bounded and lim,
||sn - TSnH =0.

Proof. Assume that the sequence {s,} is bounded and
lim, ., |ls, — Ts,|| =0.Fixq € A(K, {s,}). We need to prove
that g is the element of F(T). Using Lemma 6, we have

3
(T4, {5, =lim supls, = Tgim sup (3 5, = 75,
+lim supl||s, — g|| =lim sup||s, — q|| = (g, {s,})-

(4)

Hence, Tq € A(K, {s, }. Since the set A(K, {s,}) is single-
ton, we must have Tq = q. Hence, p is the element of F(T)
and so F(T) + @.

Conversely, we take the set F(T) + & and prove that the
sequence {s,} is bounded and lim,_,_||s, — Ts,|| =0. Fix q
€ F(T). By Lemma 9, lim —ql| exists and {s,} is
bounded. Let us put

n—>00||5n

lim |5, gl =& 5)
In the proof of Lemma 9, we see that
12 = qll =I5, ~ g} = lim sup]lz, — q]| <1lim sup|]s, - g =&.
(6)
Using Lemma 5 and (5), we obtain the following:

lim sup||T's, — q|| <lim sup||s, — g|| =¢&. (7)
n—~oo n—=a~0

Again in the from the proof of Lemma 9, we see that
||Sn+1 _q” S(l_an)”‘gn_q“ +8n||zn_q||' (8)
It follows that

H5n+1 B q“ B ”Sn _qH
)

n

< lzn = all = llsu —4ll-

©)

||Sn+l - q” - ||5n - q“ <

So, we can get [s,,, ~ 4l < [z, ~ .
=¢ <lim inf|z, - q||. (10)
From (6) and (10), we get

£= lim |z, gl (1)

Using (11), we have

£= lim |z, ~q] = lim [|(1-p,)s, +p,T5, ~ 4]

(12)
= lim [[(1-p,)(s,—q) + p,(Ts, — q)||-

Hence
§= lim [[(1-p,)(s,=q) +p,(Ts, =g (13)

Now bearing (5), (7), and (13) and Lemma 8, we obtain

lim ||Ts, —s,|| =0. (14)
—00

n

Now, we state and prove the following strong convergence
results, under the strong assumption of compactness. Notice
that it is the extension of the ([19], Theorem 3.3) from the
setting of Suzuki-type nonexpansive mappings to the general
setting of Reich-Suzuki-type nonexpansive mappings.

Theorem 11. Let K be a nonempty convex compact subset of a
UCBS X and let T and {s,} be as in Theorem 10 and F(T)
# &. Then, {s,} converges strongly to the fixed point of T.

Proof. By Theorem 10, lim,_,||Ts, —s,|/ =0. The com-
pactness of K follows that the sequence {s,} has a strongly
convergent subsequence, namely, {s, } with a strong limit,
say, v € K. We need to prove that v is the strong limit of
{s,} and v € F(T). Using Lemma 6, we have

3+
o = 7= (35 = Tl + s ol 05)

If we apply I — oo, then we obtain Tv=v, that is, v €
F(T). By Lemma 9, lim — v|| exists. Hence, v is the
strong limit of {s,,}.

Now, we shall only state the following result. We will not
include the proof here because the proof is elementary.

ﬂ*>00||sﬂ

Theorem 12. Let K be a nonempty closed convex subset of a
UCBS X and let T and {s,} be as in Theorem 10. If F(T)
& and liminf,  (inf,cpip s, —pll) =0, then {s,} con-
verges strongly to fixed point of T.

The following definition is essentially due to Sentor and
Dotson [25].

Definition 13. A mapping T on a subset K of a Banach space
X is said to satisfy condition (I) if there exists some non-
decreasing function # : [0,00) — [0,00) satisfying #(0) =0,
n(a) >0 for every a>0 and ||s— Ts|| > #(inf pr)lls — ql|)
for all se K.

The strong convergence result using condition (I) is
given as follows. Notice that it is the extension of the [19],
Theorem 3.4, from the setting of Suzuki-type nonexpansive
mappings to the general setting of Reich-Suzuki-type nonex-
pansive mappings.



Theorem 14. Let K be a nonempty closed convex subset of
UCBS X and let T and {s,} be as in Theorem 10 and F(T)
# @. If T satisfies condition (I), then {s,} converges strongly
to a fixed point of T.

Proof. From Theorem 10, it follows that

lim inf ||Ts, —s,|| = 0. (16)

Since T is mapping satisfying condition (I), so we have

=Tl ( (nf Is-al)- (7)

Using (16) and (17), we have

i i inf, s, al ) =0 (18)

But the function # is nondecreasing satisfying #(0) = 0, so
we have

n—00

lim inf <q;?(t'T)|sn—q||> =0. (19)

The conclusions follows from Theorem 12.

We finish this section with following weak convergence
result. Notice that it is the extension of the [19], Theorem
3.2, from the setting of Suzuki-type nonexpansive mappings
to the general setting of Reich-Suzuki-type nonexpansive
mappings.

Theorem 15. Let X be a UCBS with Opial’s property, K a
nonempty closed convex subset of X, and T and {s,} as in
Theorem 10 and F(T) + @. Then {s,} converges weakly to a
fixed point of T.

Proof. By Theorem 10, {s,} is bounded and lim,_,_||Ts,
-5, = 0. The uniform convexity of X follows the reflexivity
of X. Hence, the sequence {s,} must have a weakly conver-
genet subsequence, namely, {s, } with a weak limit say, u,
€ K. By Lemma 7, u, is the element of the set F(T). We need
only to show that u, is the weak limit of the sequence {s,}
itself. If u; is not the weak limit of {s, }, then one can choose
a subsequence, namely, {s, } of {s,} and u, € K such that
{s,,} converges weakly to u, and u, # u;. Again by Lemma
7, u, is the element of F(T). By Lemma 9 and the Opial
property, we have

Jim s, = = Jim [l = 0] < fim [s, - o]
= lim |is, = ]| = lim [|s, —u[|  (20)

< lim ||s, —u||= lim [|s, =]
I—s00 1 n—s00

This is a contradiction. Therefore, the proof is complete.
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FIGURE 1: Rate of convergence of M* (red line) and Thakur (blue
line) under different initial points.

4. Numerical Example

In this section, first we present a new example of Reich-
Suzuki-type nonexpansive mappings, which exceeds the class
of Suzuki-type nonexpansive mappings as follows.
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TaBLE 1: Influence of parameters: comparison of various iteration
processes.

Initial points

ferations 19 16 -11 12 16 19
For8,=n/(n+1)"" p =1/(n+3)*"

S 16 16 16 15 16 16
Thakur 9 9 8

M* 7 7 6 6 6
For§,=1-1+/5n+3,p,=1/n’

S 18 18 18 15 15 15
Thakur 8 8

M* 5 5 5 5 5

For §,=1/n,p,=1/\/n+24

S 18 18 18 17 18 18
Thakur 9 9 9 9 9

M* 8 8 8 8 8

For 8, =/n/4n+3,p, =1/(4n+9)**

N 18 18 18 18 18 18
Thakur 10 9 9 9 10 10
M* 8 7 7 4 7 7

Example 16. Define T : [-2,2] — [-2,2] by

—%, forse [—2,0)\{—%}

1
fors=——
4
03

_3 fors €0, 2].
5

If we choose s =—1/4 and s’ = —2/5, then 1/2|s — Ts| < |s
—s'| and |Ts—Ts'|>|s—s'|. On the other hand, T is
Reich-Suzuki-type nonexpansive with the constant ¢=1/2.
We shall include only nontrivial cases here.

Case 1. For s,s' € [-2,0) \ {~1/4}, we have

77| = 3le=s'| < 315+ 315 = J1e+ 31
2 2 2 4 4

S (22)
2 2 2 2
<clls—Ts|| +cHs’ - Ts'H +(1 —26)”5—5'”.
Case 2. For s,s' € [0,2], we have
HTs—Ts,H:l|s—s'|S1|5|+1|s'|S£|s\+£|s'{
5 5 5 10 10
1 s' 11, ! (23)
= s+ =|+=|s + =
2 5 2 5

=c||s—Ts|| +cHs' - TS'H +(1 —ZC)HS—S'H.

5
Case 3. For s € [-2,0) \ {~1/4} and s € [0, 2], we have
!
|Ts—Ts'|| = i SE < %|s| +2|s'| < Z|s| 1%|s'|
1 s 1y, s’
= s+ |+ 2|5 +—
2 21 2 5
=cljs=Ts|[+c||s" = Ts'|| + (1 = 2¢)[|s = s"|.
(24)
Case 4. For s € [-2,0) \ {~1/4} and s" = —1/4, we have
| Ts—Ts'|| = 1|s| < §|s| < §|s| AL lus— Ts||| + lﬂs’ -Ts ||
2 4 4 8§ 2 2
=cl|s=Ts|| +c||s" = Ts'|| + (1 - 2¢)||s = s'|-
(25)
Case 5. For s € [0, 2] and s =-1/4, we have
| Ts-Ts'| = Dot s Spspe 2= Dpso o+ 1“5' - Ts'||
5 10 10 8§ 2 2
=cl|[s—Ts|| +cHs' - TS’H +(1 —ZC)HS—S'H.
(26)

Thus, T is a Reich-Suzuki-type nonexpansive mapping
with F(T) + @.

Now, using the above example, and §, =1/y/n+5 and
p, = /ni(n+7)" we get ||s, - p|| < 107%5, our stopping cri-
terion where p = 0 is a fixed point of T. The graphs in Figure 1
show that the sequence {s,} generated by M* iteration pro-
cess converges faster than the sequence {s,} generated by
the leading Thakur [13] iteration process.

Finally, we compare the numbers of iteration required to
obtain a fixed points of M iteration with leading Thakur and
S iterations. Set ||s,, — p|| < 1071 as a stopping criterion where
p =0 is a fixed point of the mapping T.

Remark 17. Figure 1 and Table 1 suggest that M* is better
than the Thakur and S iterative processes.
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